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EXTREMAL KA¨HLER METRICS ON PROJECTIVE BUNDLES
OVER A CURVE
VESTISLAV APOSTOLOV, DAVID M. J. CALDERBANK, PAUL GAUDUCHON,
AND CHRISTINA W. TØNNESEN-FRIEDMAN
Abstract. Let M = P (E) be the complex manifold underlying the total space of the
projectivization of a holomorphic vector bundle E → Σ over a compact complex curve
Σ of genus ≥ 2. Building on ideas of Fujiki [28], we prove that M admits a Ka¨hler
metric of constant scalar curvature if and only if E is polystable. We also address
the more general existence problem of extremal Ka¨hler metrics on such bundles and
prove that the splitting of E as a direct sum of stable subbundles is necessary and
sufficient condition for the existence of extremal Ka¨hler metrics in sufficiently small
Ka¨hler classes. The methods used to prove the above results apply to a wider class
of manifolds, called rigid toric bundles over a semisimple base, which are fibrations
associated to a principal torus bundle over a product of constant scalar curvature
Ka¨hler manifolds with fibres isomorphic to a given toric Ka¨hler variety. We discuss
various ramifications of our approach to this class of manifolds.
1. Introduction
Extremal Ka¨hler metrics were first introduced and studied by E. Calabi in [13, 14].
Let (M,J) denote a connected compact complex manifold of complex dimension m. A
Ka¨hler metric g on (M,J), with Ka¨hler form ω = g(J ·, ·), is extremal if it is a critical
point of the functional g 7→ ∫M s2g ωmgm! , where g runs over the set of all Ka¨hler metrics
on (M,J) within a fixed Ka¨hler class Ω = [ω], and sg denotes the scalar curvature
of g. As shown in [13], g is extremal if and only if the symplectic gradient K :=
gradωsg = J gradgsg of sg is a Killing vector field (i.e. LKg = 0) or, equivalently,
a (real) holomorphic vector field (i.e. LKJ = 0). Extremal Ka¨hler metrics include
Ka¨hler metrics of constant scalar curvature — CSC Ka¨hler metrics for short — in
particular Ka¨hler–Einstein metrics. Clearly, if the identity component Aut0(M,J) of
the automorphism group of (M,J) is reduced to {1}, i.e. if (M,J) has no non-trivial
holomorphic vector fields, any extremal Ka¨hler metric is CSC, whereas a CSC Ka¨hler
metric is Ka¨hler–Einstein if and only if Ω is a multiple of the (real) first Chern class
c1(M,J). In this paper, except for Theorem 1 below, we will be mainly concerned with
extremal Ka¨hler metrics of non-constant scalar curvature.
The Lichnerowicz–Matsushima theorem provides an obstruction to the existence of
CSC Ka¨hler metrics on (M,J) in terms of the structure of Aut0(M,J), which must
be reductive whenever (M,J) admits a CSC Ka¨hler metric; in particular, for any CSC
Ka¨hler metric g, the identity component Isom0(M,g) of the group of isometries of (M,g)
is a maximal compact subgroup of (M,J) [55, 49]. The latter fact remains true for any
extremal Ka¨hler metric (although Aut0(M,J) is then no longer reductive in general) and
is again an obstruction to the existence of extremal Ka¨hler metrics [14, 48]. Another
well-known obstruction to the existence of CSC Ka¨hler metrics within a given class Ω
involves the Futaki character [30, 14], of which a symplectic version, as developed in [47],
will be used in this paper (cf. Lemma 2). Furthermore, it is now known that extremal
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Ka¨hler metrics within a fixed Ka¨hler class Ω are unique up to the action of the reduced
automorphism group1 A˜ut0(M,J) [10, 15, 20, 52].
It was suggested by S.-T. Yau [73] that a complete obstruction to the existence of
extremal Ka¨hler metrics in the Ka¨hler class Ω = c1(L)/2π on a projective manifold
(M,J) polarized by an ample holomorphic line bundle L should be expressed in terms
of stability of the pair (M,L). The currently accepted notion of stability is the K-
(poly)stability introduced by G. Tian [68] for Fano manifolds and by S. K. Donaldson [21]
for general projective manifolds polarized by L. The Yau–Tian–Donaldson conjecture
can then be stated as follows. A polarized projective manifold (M,L) admits a CSC
Ka¨hler metric if and only if it is K-polystable. This conjecture is still open, but the
implication ‘CSC ⇒ K-polystable’ in the conjecture is now well-established, thanks to
work by S. K. Donaldson [20], X. Chen–G. Tian [15], J. Stoppa [64], and T. Mabuchi [53,
54]. In order to account for extremal Ka¨hler metrics of non-constant scalar curvature,
G. Sze´kelyhidi introduced [66, 67] the notion of relative K-(poly)stability with respect to
a maximal torus of the automorphism group of the pair (M,L) — which is the same as
the reduced automorphism group A˜ut0(M,J) — and the similar implication ‘extremal
⇒ relatively K-polystable’ was recently established by G. Sze´kelyhidi–J. Stoppa [65].
The Yau–Tian–Donaldson conjecture was inspired by and can be regarded as a non-
linear counterpart of the well-known equivalence for a holomorphic vector bundle over
a compact Ka¨hler manifold (M,J, ω) to be polystable with respect to ω on the one hand
and to admit a hermitian–Einstein metric [40, 72, 18] on the other. In the case when
(M,J) is a Riemann surface this is the celebrated theorem of Narasimhan and Seshadri
[56], which, in the geometric formulation given in [9, 17, 28] can be stated as follows.
Let E be a holomorphic vector bundle over a compact Riemann surface Σ. Then, E
is polystable if and only if it admits a hermitian metric whose Chern connection is
projectively-flat.
This paper is mainly concerned with the existence of extremal Ka¨hler metrics on ruled
manifolds, i.e. when (M,J) is the total space of projective fibre bundles P (E) where E
is a holomorphic vector bundle over a compact Ka¨hler manifold (S, JS , ωS) of constant
scalar curvature. Notice that this class of complex manifolds includes most explicitly
known examples so far of extremal Ka¨hler manifolds of non-constant scalar curvature,
starting with the first examples given by E. Calabi in [13]. For complex manifolds of
this type one expects stability properties of (M,J) to be reflected in the stability of the
vector bundle E. In fact, such a link was established by J. Ross–R. Thomas, with sharper
results when the base is a compact Riemann surface of genus at least 1, [61, Theorem
5.12 and Theorem 5.13] (cf. also Remark 2 below.) This suggests that the existence
of extremal Ka¨hler metrics on P (E) could be directly linked to the stability of the
underlying bundleE. First evidence of such a direct link goes back to the work of Burns–
deBartolomeis [12], and many partial results in this direction are now known, see e.g.
the works of N. Koiso–Y. Sakane [42, 43], A. Fujiki [28], D. Guan [33], C. R. LeBrun [44],
C. Tønnesen-Friedman [69], Y.-J. Hong [36, 37], A. Hwang–M. Singer [39], Y. Rollin–
M. Singer [60], J. Ross–R. Thomas [60], G. Sze´kelyhidi [66, 67], and our previous work [5].
However, to the best of our knowledge, an understanding of the precise relation is still
to come.
While we principally focus on projective bundles, for which sharper results can be
obtained (Theorems 1, 2, 4 below), the techniques and a number of results presented in
this paper actually address a much wider class of manifolds, called rigid toric bundles
1A˜ut0(M,J) is the unique linear algebraic subgroup of Aut0(M,J) such that the quotient
Aut0(M,J)/A˜ut0(M,J) is a torus, namely the Albanese torus of (M,J) [27]; its Lie algebra is the
space of (real) holomorphic vector fields whose zero-set is non-empty [27, 40, 45, 32].
EXTREMAL KA¨HLER METRICS ON PROJECTIVE BUNDLES 3
over a semisimple base, which were introduced in our previous paper [4]. Section 3 of
this paper is devoted to recalling the main features of this class of manifolds and proving
a general existence theorem (Theorem 3).
The simplest situation considered in this paper is the case of a projective bundle over
a curve, i.e. a compact Riemann surface. In this case, the existence problem for CSC
Ka¨hler metrics can be resolved.
Theorem 1. Let (M,J) = P (E) be a holomorphic projective bundle over a compact
complex curve of genus ≥ 2. Then (M,J) admits a CSC Ka¨hler metric in some (and
hence any) Ka¨hler class if and only if the underlying holomorphic vector bundle E is
polystable.
Remark 1. The ‘if’ part follows from the theorem of Narasimhan and Seshadri: if E
is a polystable bundle of rank m over a compact curve (of any genus), then E admits
a hermitian–Einstein metric which in turn defines a flat PU(m)-structure on P (E)
and, therefore, a family of locally-symmetric CSC Ka¨hler exhausting the Ka¨hler cone
of P (E), see e.g. [40], [28]. Note also that in the case when P (E) fibres over CP 1, E
splits as a direct sum of line bundles, and the conclusion of Theorem 1 still holds by the
Lichnerowicz–Matsushima theorem, see e.g. [5, Prop. 3].
Remark 2. On all manifolds considered in Theorem 1, rational Ka¨hler classes form a
dense subset in the Ka¨hler cone. By LeBrun–Simanca stability theorem [46, Thm. A]
and Lemma 3 below it is then sufficient to consider the existence problem only for
an integral Ka¨hler class (or polarization). In this setting, it was shown by Ross–
Thomas that any projective bundle M = P (E) over a compact complex curve of
genus ≥ 1 is K-poly(semi)stable (with respect to some polarization) if and only if E
is poly(semi)stable [61, Thm. 5.13]. In view of this theorem, the “only if” part of The-
orem 1 can therefore be alternatively recovered —for any genus ≥ 1— as a consequence
of recent papers by T. Mabuchi [53, 54].
By the de Rham decomposition theorem, an equivalent differential geometric formu-
lation of Theorem 1 is that any CSC Ka¨hler metric on (M,J) must be locally symmetric
(see [28, Lemma 8] and [44]). It is in this form that we are going to achieve our proof
of Theorem 1, building on the work of A. Fujiki [28]. In fact, [28] already proves The-
orem 1 in the case when the underlying bundle E is simple, modulo the uniqueness of
CSC Ka¨hler metrics, which is now known [15, 20, 52].
In view of this, the main technical difficulty in proving Theorem 1 is related to the
existence of automorphisms on (M,J) = P (E) 7→ Σ. The way we proceed is by fixing a
maximal torus T (of dimension ℓ) in the identity component Aut0(M,J) of the automor-
phism group, and showing that it induces a decomposition of E =
⊕ℓ
i=0Ei as a direct
sum of ℓ+1 indecomposable subbundles Ei, such that T acts by scalar multiplication on
each Ei (see Lemma 1 below). By computing the Futaki invariant of the S
1 generators
of T, we show that the slopes of Ei must be all equal, should a CSC Ka¨hler metric
exist on P (E) (see Lemma 3 below).2 Then, following the proof of [28, Theorem 3], we
consider small analytic deformations Ei(t) of Ei = Ei(0) with Ei(t) being stable bun-
dles for t 6= 0. This induces a T-invariant Kuranishi family (M,Jt) ∼= P (E(t)), where
E(t) =
⊕ℓ
i=0Ei(t), with (M,J) being the central fibre (M,J0). We then generalize in
Lemma 4 the stability-under-deformations results of [45, 46, 29], by using the crucial
fact that our family is invariant under a fixed maximal torus. This allows us to show
that any CSC (or more generally extremal) Ka¨hler metric ω0 on (M,J0) can be included
2For rational Ka¨hler classes, this conclusion can be alternatively reached by combining [61, Thm. 5.3]
and [23].
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into a smooth family ωt of extremal Ka¨hler metrics on (M,Jt). As E(t) is polystable
for t 6= 0, the corresponding extremal Ka¨hler metric ωt must be locally symmetric, by
the uniqueness results [15, 20, 51]. This implies that ω0 is locally symmetric too, and
we conclude as in [28, Lemma 8].
We next consider the more general problem of existence of extremal Ka¨hler metrics
on the manifold (M,J) = P (E)→ Σ. Notice that the deformation argument explained
above is not specific to the CSC case, but also yields that any extremal Ka¨hler metric ω0
on (M,J) = P (E)→ Σ can be realized as a smooth limit (as t→ 0) of extremal Ka¨hler
metrics ωt on (M,Jt) = P (E(t)), where E(t) =
⊕ℓ
i=0Ei(t) with Ei(t) being stable (and
thus projectively-flat and indecomposable) bundles over Σ for t 6= 0, and where ℓ is the
dimension of a maximal torus T in the identity component of the group of isometries of
ω0. Unlike the CSC case (where Ei(t) must all have the same slope and therefore E(t) is
polystable), the existence problem for extremal Ka¨hler metrics on the manifolds (M,Jt)
is not solved in general. The main working conjecture here is that such a metric ωt
must always be compatible with the bundle structure (in a sense made precise in Sect. 3
below). As we observe in Sect. 5, if this conjecture were true it would imply that the
initial bundle E must also split as a direct sum of stable subbundles (and that ω0 must
be compatible too). We are thus led to believe the following general statement would
be true.
Conjecture 1. A projective bundle (M,J) = P (E) over a compact curve of genus ≥ 2
admits an extremal Ka¨hler metric in some Ka¨hler class if and only if E decomposes as
a direct sum of stable subbundles.
Remark 3. This conjecture turns out to be true in the case when E is of rank 2 and
Σ is a curve of any genus, cf. [7] for an overview.
A partial answer to Conjecture 1 is given by the following result which deals with
Ka¨hler classes far enough from the boundary of the Ka¨hler cone.
Theorem 2. Let p : P (E) → Σ be a holomorphic projective bundle over a compact
complex curve Σ of genus ≥ 2 and [ωΣ] be a primitive Ka¨hler class on Σ. Then there
exists a k0 ∈ R such that for any k > k0 the Ka¨hler class Ωk = 2πc1(O(1)E) + kp∗[ωΣ]
on (M,J) = P (E) admits an extremal Ka¨hler metric if and only if E splits as a direct
sum of stable subbundles.
In the case when E decomposes as the sum of at most two indecomposable subbundles,3
the conclusion holds for any Ka¨hler class on P (E).
The proof of Theorem 2, given in Section 5, will be deduced from a general existence
theorem established in the much broader framework of rigid and semisimple toric bundles
introduced in [4], whose main features are recalled in Section 3 below. As explained
in Remark 7, this class of manifolds is closely related to the class of multiplicity-free
manifolds recently discussed in Donaldson’s paper [25]. Our most general existence
result can be stated as follows.
Theorem 3. Let (g, ω) be a compatible Ka¨hler metric on M , where M is a rigid
semisimple toric bundle over a CSC locally product Ka¨hler manifold (S, gS , ωS) with
fibres isomorphic to a toric Ka¨hler manifold (W,ωW , gW ), as defined in Sect. 3. Sup-
pose, moreover, that the fibre W admits a compatible extremal Ka¨hler metric. Then,
for any k ≫ 0, the Ka¨hler class Ωk = [ω]+kp∗[ωS] admits a compatible extremal Ka¨hler
metric.
3This is equivalent to requiring that the automorphism group of P (E) has a maximal torus of di-
mension ≤ 1.
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The terms of this statement, in particular the concept of a compatible metric, are
introduced in Section 3. Its proof, also given in Section 3, uses in a crucial way the
stability under small perturbations of existence of compatible extremal metric (Propo-
sition 2) which constitutes the delicate technical part of the paper. Another important
consequence of Proposition 2 is the general openness theorem given by Corollary 1.
A non-trivial assumption in the hypotheses of Theorem 3 above is the existence of
compatible extremal Ka¨hler metric on the (toric) fibreW . This is solved whenW ∼= CP r
and M = P (E) with E being holomorphic vector bundle of rank r + 1, which is the
sum of ℓ + 1 projectively-flat hermitian bundles, as a consequence of the fact that the
Fubini–Study metric on CP r admits a non-trivial hamiltonian 2-form of order ℓ ≤ r
(cf.[3]). We thus derive in Sect. 4 the following existence result.
Theorem 4. Let p : P (E) → S be a holomorphic projective bundle over a compact
Ka¨hler manifold (S, JS , ωS). Suppose that (S, JS , ωS) is covered by the product of con-
stant scalar curvature Ka¨hler manifolds (Sj , ωj), j = 1, . . . , N , and E =
⊕ℓ
i=0Ei is
the direct sum of projectively-flat hermitian bundles. Suppose further that for each i
c1(Ei)/rk(Ei) − c1(E0)/rk(E0) pulls back to
∑N
j=1 pji[ωj] on
∏N
j=1 Sj (for some con-
stants pji). Then there exists a k0 ∈ R such that for any k > k0 the Ka¨hler class
Ωk = 2πc1(O(1)E) + kp∗[ωS ] admits a compatible extremal Ka¨hler metric.
Remark 4. Theorem 4 is closely related to the results of Y.-J. Hong in [36, 37] who
proves, under a technical assumption on the automorphism group of S, that for any
hermitian–Einstein (i.e. polystable) bundle E over a CSC Ka¨hler manifold S, the Ka¨hler
class Ωk = 2πc1(O(1)E) + kp∗[ωS ] for k ≫ 1 admits a compatible CSC Ka¨hler metric if
and only if the corresponding Futaki invariant FΩk vanishes. However, in the case when
E is not simple (i.e. has automorphisms other than multiples of identity) the condition
FΩk ≡ 0 is not in general satisfied for these classes, see [5, Sect. 3.4 & 4.2] for specific
examples. Thus, studying the existence of extremal rather than CSC Ka¨hler metrics in
Ωk is essential. Another useful remark is that although the hypothesis in Theorem 4 that
E is the sum of projectively-flat hermitian bundles over S is rather restrictive when S is
not a curve, our result strongly suggests that considering E to be a direct sum of stable
bundles (with not necessarily equal slopes) over a CSC Ka¨hler base S would be the right
general setting for seeking extremal Ka¨hler metrics in Ωk = 2πc1(O(1)E) + kp∗[ωS ] for
k ≫ 1.
In the final Sect. 6, we develop further our approach by extending the leading con-
jectures [21, 66] about existence of extremal Ka¨hler metrics on toric varieties to the
more general context of compatible Ka¨hler metrics that we consider in this paper. Thus
motivated, we explore in a greater detail examples when M is a projective plane bundle
over a compact complex curve Σ. We show that when the genus of Σ is greater than 1,
Ka¨hler classes close to the boundary of the Ka¨hler cone ofM do not admit any extremal
Ka¨hler metric. In Appendix A, we introduce the notion of a compatible extremal almost
Ka¨hler metric (the existence of which is conjecturally equivalent to the existence of a
genuine extremal Ka¨hler metric) and show that if the genus of Σ is 0 or 1, then any
Ka¨hler class on M admits an explicit compatible extremal almost Ka¨hler metric.
The first author was supported in part by an NSERC discovery grant, the second
author by an EPSRC Advanced Research Fellowship and the fourth author by the
Union College Faculty Research Fund.
2. Proof of Theorem 1
As we have already noted in Remark 1, the ‘if’ part of the theorem is well-known. So
we deal with the ‘only if’ part.
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Let (M,J) = P (E), where π : E → Σ is a holomorphic vector bundle of rank m
over a compact curve Σ of genus ≥ 2. We want to prove that E is polystable if (M,J)
admits a CSC Ka¨hler metric ω. Also, by Remark 1, we will be primarily concerned
with the case when the connected component of the identity Aut0(M,J) of the auto-
morphisms group of (M,J) is not trivial. Note that, as the normal bundle to the fibres
of P (E) → Σ is trivial and the base is of genus ≥ 2, the group Aut0(M,J) reduces to
H0(Σ, PGL(E)), the group of fibre-preserving automorphisms of E, with Lie algebra
h(M,J) ∼= H0(Σ, sl(E)). As any holomorphic vector field in h(M,J) has zeros, the
Lichnerowicz–Matsushima theorem [49, 55] implies h(M,J) = i(M,g)⊕J i(M,g), where
i(M,g) is the Lie algebra of Killing vector fields of (M,J, ω). Thus, Aut0(M,J) 6= {Id}
iff h(M,J) 6= {0} iff i(M,g) 6= {0}. We will fix from now on a maximal torus T (of
dimension ℓ) in the connected component of the group of isometries of (M,J, ω). Note
that T is a maximal torus in Aut0(M,J) too, by the Lichnerowicz–Matsushima theorem
cited above.
We will complete the proof in three steps, using several lemmas.
We start with following elementary but useful observation which allows us to relate
a maximal torus T ⊂ Aut0(M,J) with the structure of E.
Lemma 1. Let (M,J) = P (E)→ S be a projective bundle over a compact complex man-
ifold S, and suppose that the group H0(S,PGL(E)) of fibre-preserving automorphisms
of (M,J) contains a circle S1. Then E decomposes as a direct sum E =
⊕ℓ
i=0Ei of
subbundles Ei with ℓ ≥ 1, such that S1 acts on each factor Ei by a scalar multiplication.
In particular, any maximal torus T ⊂ H0(S,PGL(E)) arises from a splitting as above,
with Ei indecomposable and ℓ = dim(T).
Proof. Any S1 in H0(S,PGL(E)) defines a C× holomorphic action on (M,J), generated
by an element Θ ∈ h(M,J) ∼= H0(S, sl(E)). For any x ∈ S, exp (tΘ(x)), t ∈ C generates
a C× subgroup of SL(Ex) and so Θ(x) must be diagonalizable. The coefficients of the
characteristic polynomial of Θ(x) are holomorphic functions of x ∈ S, and therefore are
constants. It then follows that Θ gives rise to a direct sum decomposition E =
⊕ℓ
i=0Ei
where Ei correspond to the eigenspaces of Θ at each fibre.
The second part of the lemma follows easily. 
Because of this result and the discussion preceding it, we consider the decomposition
E =
⊕ℓ
i=0Ei as a direct sum of indecomposable subbundles over Σ, corresponding to a
fixed, maximal ℓ-dimensional torus T in the connected component of the isometry group
of (g, J, ω). We note that the isometric action of T is hamiltonian as T has fixed points
(on any fibre).
Our second step is to understand the condition that that the Futaki invariant [30],
with respect to the Ka¨hler class Ω = [ω] on (M,J), restricted to the generators of T
is zero. Hodge theory implies that any (real) holomorphic vector field with zeros on
a compact Ka¨hler 2m-manifold (M,J, ω, g) can be written as X = gradωf − Jgradωh,
where f+ ih is a complex-valued smooth function on M of zero integral (with respect to
the volume form ωm), called the holomorphy potential of X, and where gradωf stands
for the hamiltonian vector field associated to a smooth function f via ω. Then the (real)
Futaki invariant associates to X the real number
Fω(X) =
∫
M
fScalg ω
m,
where Scalg is the scalar curvature of g. Futaki shows [30] that Fω(X) is independent of
the choice of ω within a fixed Ka¨hler class Ω, and that (trivially) Fω(X) = 0 if Ω contains
a CSC Ka¨hler metric. A related observation will be useful to us: with a fixed symplectic
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form ω, the Futaki invariant is independent of the choice of compatible almost complex
structure within a path component.
Lemma 2. Let Jt be a smooth family of integrable almost-complex structures compatible
with a fixed symplectic form ω, which are invariant under a compact group G of symplec-
tomorphisms acting in a hamiltonian way on the compact symplectic manifold (M,ω).
Denote by gω ⊂ C∞(M) the finite dimensional vector space of smooth functions f such
that X = gradωf ∈ g, where g denotes the Lie algebra of G.4 Then the L2-orthogonal
projection of the scalar curvature Scalgt of (Jt, ω, gt) to gω is independent of t.
Proof. By definition, any f ∈ gω defines a vector field X = gradωf which is in g, and
is therefore Killing with respect to any of the Ka¨hler metrics gt = ω(·, Jt·). To prove
our claim, we have to show that
∫
M fScalgtω
m is independent of t. Using the standard
variational formula for scalar curvature (see e.g. [11, Thm. 1.174]), we compute
(1)
d
dt
Scalgt = ∆(trgth) + δδh − gt(r, h) = δδh,
where h denotes ddtgt, while ∆, δ and r are the riemannian laplacian, the codifferential
and the Ricci tensor of gt, respectively. Note that to get the last equality, we have
used the fact that h is Jt-anti-invariant (as all the Jt’s are compatible with ω) while
the metric and the Ricci tensor are Jt-invariant (on any Ka¨hler manifold). Integrating
against f , we obtain
d
dt
(∫
M
fScalgtω
m
)
=
∫
M
(δδh)fωm =
∫
M
gt(h,Ddf)ω
m,
where D is the Levi–Civita connection of gt; however, as f is a Killing potential with
respect to the Ka¨hler metric (gt, Jt), it follows that Ddf is Jt-invariant, and therefore∫
M fScalgtω
m is independent of t. 
Remark 5. One can extend Lemma 2 for any smooth family of (not necessarily inte-
grable) G-invariant almost complex structures Jt compatible with ω. Then, as shown
in [47], the L2-projection to gω of the hermitian scalar curvature of the almost Ka¨hler
metric (ω, Jt) (see Appendix A for a precise definition) is independent of t. This gives
rise to a symplectic Futaki invariant associated to a compact subgroup G of the group
of hamiltonian symplectomorphisms of (M,ω).
Lemma 2 will be used in conjunction with the Narasimhan–Ramanan approximation
theorem (see [57, Prop. 2.6] and [58, Prop. 4.1]), which implies that any holomorphic
vector bundle E over a compact curve Σ of genus ≥ 2 can be included in an analytic
family of vector bundles Et, t ∈ Dε (where Dε = {t ∈ C, |t| < ε}) over Σ, such that
E0 := E and Et is stable for t 6= 0. Such a family will be referred to in the sequel as a
small stable deformation of E.
Lemma 3. Suppose that the vector bundle E = U⊕V → Σ splits as a direct sum of two
subbundles, U and V . Consider the holomorphic S1-action on (M,J) = P (E), induced
by fibrewise scalar multiplication by exp (iθ) on V , and let X ∈ h(M,J) be the (real)
holomorphic vector field generating this action. Then the Futaki invariant of X with
respect to some (and therefore any) Ka¨hler class Ω on (M,J) vanishes if and only if U
and V have the same slope.
Proof. We take some Ka¨hler form ω on (M,J) = P (E) and, by averaging it over S1, we
assume that ω is S1-invariant. As the S1-action has fixed points, the corresponding real
4We will tacitly identify throughout the Lie algebra g of a group G acting effectively on M with the
Lie algebra of vector fields generated by the elements of g.
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vector field X is J-holomorphic and ω-hamiltonian, i.e., X = gradωf for some smooth
function f with
∫
M fω
m = 0.
We now consider small stable deformations Ut, Vt, t ∈ Dε of U and V , and put
Et = Ut ⊕ Vt. Considering the projective bundle P (Et), we obtain a non-singular
Kuranishi family (M,Jt) with J0 = J . By the Kodaira stability theorem (see e.g. [41])
one can find a smooth family of Ka¨hler metrics (ωt, Jt) with ω0 = ω. Using the vanishing
of the Dolbeault groups H2,0(M,Jt) = H
0,2(M,Jt) = 0, Hodge theory implies that by
decreasing the initial ε if necessary, we can assume [ωt] = [ω] in H
2
dR(M). Note that any
Jt is S
1-invariant so, by averaging over S1, we can also assume that ωt is S
1-invariant.
Applying the equivariant Moser lemma, one can find S1-equivariant diffeomorphisms,
Φt, such that Φ
∗
tωt = ω. Considering the pullback of Jt by Φt, the upshot from this
construction is that we have found a smooth family of integrable complex structures Jt
such that: (1) each Jt is compatible with the fixed symplectic form ω and is S
1-invariant;
(2) J0 = J ; (3) for t 6= 0, the complex manifold (M,Jt) is equivariantly biholomorphic
to P (Ut ⊕ Vt) → Σ with Ut and Vt stable (and therefore projectively-flat) hermitian
bundles.
If U and V have equal slopes, then Et = Ut ⊕ Vt becomes polystable for t 6= 0,
and (M,Jt) has a CSC Ka¨hler metric in each Ka¨hler class. It follows that the Futaki
invariant of X on (M,Jt, ω) is zero for t 6= 0.
Conversely, if U and V have different slopes, it is shown in [5, Sect. 3.2] that the
Futaki invariant of X is different from zero for any Ka¨hler class on (M,Jt), t 6= 0.
We conclude using Lemma 2. 
This lemma shows that all the factors in the decomposition E =
⊕ℓ
i=0Ei must have
equal slope, should a CSC Ka¨hler metric exists. As in the proof of Lemma 3, we con-
sider small stable deformations Ei(t) of Ei and our assumption for the slopes insures that
E(t) =
⊕ℓ
i=0Ei(t) is polystable for t 6= 0; furthermore, by acting with T-equivariant
diffeomorphisms, we obtain a smooth family of T-invariant complex structures Jt com-
patible with ω, such that for t 6= 0, the complex manifold (M,Jt) has a locally-symmetric
CSC Ka¨hler metric in each Ka¨hler class; by the uniqueness of the extremal Ka¨hler met-
rics modulo automorphisms [15, 52], any extremal Ka¨hler metric on (M,Jt) is locally-
symmetric when t 6= 0. The third step in the proof of Theorem 1 is then to show that
the initial CSC Ka¨hler metric (J0, ω) must be locally symmetric too. This follows from
the next technical result, generalizing arguments of [46, 29].
Lemma 4. Let Jt be a smooth family of integrable almost-complex structures compatible
with a symplectic form ω on a compact manifold M , which are invariant under a torus T
of hamiltonian symplectomorphisms of (M,ω). Suppose, moreover, that (J0, ω) define an
extremal Ka¨hler metric and that T is a maximal torus in the reduced automorphism group
of (M,J0). Then there exists a smooth family of extremal Ka¨hler metrics (Jt, ωt, gt),
defined for sufficiently small t, such that ω0 = ω and [ωt] = [ω] in H
2
dR(M).
Proof. Recall that [32, 45] on any compact Ka¨hler manifold (M,J), the reduced auto-
morphism group, A˜ut0(M,J), is the identity component of the kernel of the natural
group homomorphism from Aut0(M,J) to the Albanese torus of (M,J); it is also the
connected closed subgroup of Aut0(M,J), whose Lie algebra h0(M,J) ⊂ h(M,J) is the
ideal of holomorphic vector fields with zeros.
We denote by t the Lie algebra of T and by h (resp. h0) the Lie algebra of the complex
automorphism group (resp. reduced automorphism group) of the central fibre (M,J0).
As T acts in a hamiltonian way, we have t ⊂ h0. By assumption, t is a maximal abelian
subalgebra of i0(M,g0) = i(M,g0)∩h0, where i(M,g0) is the Lie algebra of Killing vector
fields of (M,J0, ω, g0).
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As in the Lemma 2 above, we let tω ⊂ C∞(M) be the finite dimensional space
of smooth functions which are hamiltonians of elements of t. As the Ka¨hler metric
(J0, ω, g0) is extremal (by assumption), its scalar curvature Scalg0 is hamiltonian of a
Killing vector field X = gradω(Scalg0) ∈ i0(M,g0). Clearly, such a vector field is central,
so X ∈ t (by the maximality of t) and therefore Scalg0 ∈ tω.
For any T-invariant Ka¨hler metric (J˜ , ω˜, g˜) on M , we denote by tω˜ the corresponding
space of Killing potentials of elements of t (noting that any X ∈ t has zeros, so that T
belongs to the reduced automorphism group of (M, J˜)), and by Πω˜ the L
2-orthogonal
projection of smooth function to tω˜, with respect to the volume form ω˜
m. Obviously, if
the scalar curvature Scalg˜ of g˜ belongs to tω˜, then g˜ is extremal.
Following [46], let C∞⊥ (M)
T denote the Fre´chet space of T-invariant smooth functions
on M , which are L2-orthogonal (with respect to the volume form ωm) to tω, and let U
be an open set in R × C∞⊥ (M)T of elements (t, f) such that ω + ddctf is Ka¨hler with
respect to Jt (here d
c
t denotes the d
c-differential corresponding to Jt). We then consider
the map Ψ : U 7→ R× C∞⊥ (M)T, defined by
Ψ(t, f) =
(
t, (Id−Πω) ◦ (Id−Πω˜)(Scalg˜)
)
,
where ω˜ := ω+ ddctf and Scalg˜ is the scalar curvature of the Ka¨hler metric g˜ defined by
(Jt, ω˜). One can check that this map is C
1 and compute (as in [45], by also using (1))
that its differential at (0, 0) ∈ U is
(T(0,0)Ψ)(t, f) = (t, tδδh − 2δδ(Ddf)−),
where D and δ are respectively the Levi–Civita connection and the codifferential of
g0, h =
(
dgt
dt
)
t=0
and (Ddf)− denotes the J0-anti-invariant part of Ddf . Note that
L(f) := δδ((Ddf)−) is a 4-th order (formally) self-adjoint T-invariant elliptic linear
operator (known also as the Lichnerowicz operator, see e.g. [32]). When acting on
smooth functions, L annihilates tω (because any Killing potential f satisfies (Ddf)
− = 0).
It then follows that L leaves C∞⊥ (M)
T invariant and, by standard elliptic theory, we
obtain an L2-orthogonal splitting C∞⊥ (M)
T = ker(L)⊕ im(L). However, any smooth T-
invariant function f in ker(L) gives rise to a Killing field X = gradωf in the centralizer
of t ⊂ i0(M,g0). As t is a maximal abelian subalgebra of i0(M,g0) we must have X ∈ t,
i.e. f ∈ tω. It follows that the kernel of L restricted to C∞⊥ (M)T is trivial, and therefore
L is an isomorphism of the Fre´chet space C∞⊥ (M)
T.
This understood, we are in position to apply standard arguments, using the implicit
function theorem for the extension of Ψ to the Sobolev completion L2,k⊥ (M)
T
(with
k ≫ 1) of C∞⊥ (M)T, together with the regularity result for extremal Ka¨hler metrics,
precisely as in [45, 46, 29]. We thus obtain a family (t, ωt) of smooth, T-invariant
extremal Ka¨hler metrics (Jt, ωt) (defined for t in a small interval about 0) which converge
to the initial extremal Ka¨hler metric (J0, ω) (in any Sobolev space L
2,k(M), k ≫ 1, and
hence, by the Sobolev embedding, in C∞(M)). 
The uniqueness argument thus also applies at t = 0, and the initial metric is locally
symmetric. We can now conclude the proof of Theorem 1 by a standard argument
using the de Rham decomposition theorem (see [28, Lemma 8] and [44]). This realizes
the fundamental group of Σ as a discrete subgroup group of isometries of the hermitian
symmetric space CPm−1×H and thus defines a projectively flat structure on P (E)→ Σ.
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3. Rigid toric bundles and the generalized Calabi construction
In this section, we recall the notion of a semisimple and rigid isometric hamiltonian
action of a torus on a compact Ka¨hler manifold (M,g, J, ω) (introduced in [4]), as
well as the construction of compatible Ka¨hler metrics (given by the generalized Calabi
construction of [4]) on such manifolds. This provides a framework for the search of
extremal compatible metrics on rigid toric bundles over a semisimple base, which parallels
(and extends) the theory of extremal toric metrics developed in [21, 22, 24]. We then
apply the construction of this section to projective bundles of the form P (E0⊕· · ·⊕Eℓ)→
S, where Ei is a projectively-flat hermitian bundle over a Ka¨hler manifold (S, ωS). In all
cases, we prove the existence of compatible extremal Ka¨hler metrics in “small” Ka¨hler
classes, cf. Theorems 3 and 4.
3.1. Rigid torus actions. Most of the material in this section is taken from [4, Sect. 2]
and we refer the Reader to this article for further details.
Definition 1. Let (M,g, J, ω) be a connected Ka¨hler 2m-manifold with an effective
isometric hamiltonian action of an ℓ-torus T with momentum map z : M → t∗. We say
the action is rigid if for all x ∈M , R∗xg depends only on z(x), where Rx : T→ T ·x ⊂M
is the orbit map.
In other words, the action is rigid if, for any two generators Xξ ,Xη of the action —
ξ, η ∈ t — the smooth function g(Xξ ,Xη) is constant on the levels of the momentum
map z.
Henceforth, we suppose that M is compact.
Obvious and well-known examples of rigid toric actions are provided by toric Ka¨hler
manifolds. A key feature of toric Ka¨hler manifolds is actually shared by rigid torus
actions, namely the fact that the image of M by the momentum map is a Delzant
polytope ∆ ⊂ t∗ (see [4, Prop. 4]) and that the regular values of z are the points in
the interior ∆0. Thus, to any compact Ka¨hler manifold endowed with a rigid isometric
hamiltonian action of an ℓ-torus T, one can associate a smooth compact toric symplectic
2ℓ-manifold (V, ωV ,T), via the Delzant correspondence [16]. Note that the Delzant
construction also endows V with the structure of a complex toric variety (V, JV ,T
c).
Another smooth variety is associated to a rigid torus action, namely the complex —
or stable — quotient Sˆ of (M,J) by the complexified action of Tc. For a general torus
action, Sˆ is a 2(m− ℓ)-dimensional complex orbifold, but when the torus action is rigid,
it is shown in [4, Prop. 5] that Sˆ is smooth, and M0 := z−1(∆0) is then a principal Tc
bundle over Sˆ. Denote by Mˆ := M0 ×Tc V → Sˆ the associated fibre bundle in toric
manifolds. Then, either (M,J) is Tc-equivariantly biholomorphic to Mˆ or it is obtained
by (Tc-equivariantly) blowing down the inverse image in Mˆ of some codimension one
faces of ∆. Thus, M and Mˆ are (different in general) Tc-equivariant compactifications
of the same principal Tc-bundle M0 over Sˆ.
In either case, by a convenient abuse of notation, we call M or any complex manifold
T
c-equivariantly biholomorphic to M , a rigid toric bundle. In the case when there is no
blow-down, then M = Mˆ is a genuine fibre bundle over Sˆ with fibre the toric manifold
V , associated to a principal T-bundle over Sˆ, whereas, in the general case, the Ka¨hler
metric g on M will be described, via its pullback on Mˆ , in terms of the toric bundle
structure of Mˆ , thus allowing to introduce the notion of compatible Ka¨hler metrics on a
general rigid toric bundle, cf. §3.3.
We now specialize the above construction, in particular the blow-down procedure,
in the case when the (rigid) torus action is, in addition, semisimple, according to the
following general definition.
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Definition 2. An isometric hamiltonian torus action on Ka¨hler manifold (M,g, J, ω) is
semisimple if for any regular value z0 of the momentum map, the derivative with respect
to z of the family ωSˆ(z) of Ka¨hler forms on the complex (stable) quotient Sˆ of (M,J)
(induced by the symplectic quotient construction at z) is parallel and diagonalizable
with respect to ωSˆ(z0).
5
For a semisimple and rigid isometric hamiltonian torus action the Ka¨hler metrics
ωSˆ(z), parametrized by z in ∆
0, on the stable quotient Sˆ are simultaneously diagonal
and have the same Levi–Civita connection. There then exists a Ka¨hler metric (gSˆ , ωSˆ)
on Sˆ, such that the Ka¨hler forms ωSˆ(z) are simultaneously diagonalizable with respect
to gSˆ and parallel with respect to the Levi–Civita connection of gSˆ , so that the universal
cover of (Sˆ, ωSˆ) is a product
∏N
j=1(Sj, ωj) of Ka¨hler manifolds (Sj , ωj) of dimensions
2dj , j = 1, . . . , N , in such a way that the restriction to Sj of the pullback of ωSˆ(z) is
a multiple of ωj by an affine function of z. Moreover, to any face of codimension one,
Fb, of ∆ involved in the blow-down process corresponds a factor (Sb, ωb) in the product∏N
j=1(Sj , ωj), which is isomorphic to the standard complex projective space (CP
db , ωb)
of (positive) complex dimension db equipped with a Fubini-Study metric of holomorphic
sectional curvature equal to 2 — equivalently of scalar curvature equal to 2db(1+ db) —
so that [ωb] = 2πc1(OCP db (1)).
Conversely, let Sˆ be a compact Ka¨hler manifold, whose universal cover is a Ka¨hler
product of the form
∏N
j=1(Sj , ωj) =
∏
a∈A(Sa, ωa) ×
∏
b∈B(CP
db , ωb), where each ωb is
the Ka¨hler form of a Fubini-Study metric of holomorphic sectional curvature equal to 2
(A or B may possibly be empty). We moreover assume that π1(Sˆ) acts diagonally by
Ka¨hler isometries on the universal cover, so that Sˆ has the structure of a fibre product
of flat unitary CP db-bundles, b ∈ B, over a compact Ka¨hler manifold S, covered by
the product
∏
a∈A(Sa, ωa). Let T a real (compact) torus of dimension ℓ, of Lie algebra
t, ∆ be a Delzant polytope in the dual space t∗, and (V, JV , ωV ,T) a T-toric Ka¨hler
2ℓ-manifold, with momentum polytope ∆. Among the n codimension one faces Fi,
i = 1, . . . , n, of ∆, with inward normals ui in t, we distinguish a subset {Fb : b ∈ B}
(possibly empty) with inward normals ub. Let Pˆ be a principal T-bundle over Sˆ, such
that −2πc1(Pˆ ), as a t-valued 2-form, is diagonalizable with respect to the local product
structure of Sˆ, i.e. is of the form
∑N
j=1[ωj ] ⊗ pj =
∑
a∈A[ωa] ⊗ pa +
∑
b∈B[ωb] ⊗ ub,
where all pj are (constant) elements of T and, we recall, ub denotes the inward normal
of the distinguished codimension one face of ∆ associated to the factor (CP db , ωb) in the
universal cover of Sˆ. We denote by Mˆ = Pˆ ×T V the associated toric bundle over Sˆ.
With these data in hand, the blow-down process relies on the general restricted toric
quotient construction, introduced in our previous work [4], which, in the current situa-
tion, goes as follows.
Consider the product manifold S0 =
∏
b∈B CP
db equipped with a principal T-bundle
P0 with c1(P0) =
∑
b∈B c1(OCP db (−1)) ⊗ ub, and the corresponding bundle of toric
Ka¨hler manifolds Wˆ = P0 ×T V over S0, with momentum map z : Wˆ → ∆ ⊂ t∗. Then
the restricted toric quotient construction associates to Wˆ a toric manifold (W,JW , T ),
of the same dimension 2(ℓ +
∑
b∈B db) as Wˆ , obtained from Wˆ by collapsing z
−1(Fb),
b ∈ B. Recall that, whereas V is obtained, via the Delzant construction, as a symplectic
reduction of Cn by the (n − ℓ)-dimensional torus G, kernel of the map (a1, . . . , an)
mod Zn 7→ ∑ni=1 aiui mod Λ from Tn = Rn/Zn onto T, W is similarly obtained as a
symplectic reduction of ⊕b∈BCdb+1⊕Cn−|B| by G ⊂ Tn, via the natural diagonal action
5In general, Sˆ is well-defined as a complex orbifold for z in the connected component Uz0 of z0 in the
regular values.
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of Tn on ⊕b∈BCdb+1⊕Cn−|B| (where |B| is the cardinality of B); in this picture, the (ℓ+∑
b∈B db)-dimensional torus T acting onW is identified with the quotient T
n+
∑
b∈B db/G,
whereas the restricted subtorus T is identified with the subtorus Tn/G of T , cf. [4,
Sect. 1.6] for details, in particular for the identification of W with a blow-down of Wˆ .6
We denote by b : Wˆ → W the (T, T )-equivariant blow-down map of Wˆ onto W , along
the inclusion T ⊂ T . We then have the following definition.
Definition 3. A blow-down of Mˆ = Pˆ ×T V → Sˆ → S is a (locally trivial) fibre bundle
(M,J) over S, with fibre the Ka¨hler manifold (W,JW ), endowed with a global fibre-
wise (restricted) holomorphic action of the ℓ-dimensional torus T, and a T-equivariant
holomorphic map Mˆ →M , equal to the blow-down map b on the corresponding Ka¨hler
fibres over S. We summarize this definition in a T-equivariant commutative diagram
Mˆ = Pˆ ×T V ✲ Sˆ
M
❄
✲ S,
❄
and refer to the manifold (M,J,T) as a rigid toric bundle over a semisimple base.
Using this construction, the blow-down was introduced in [4] under the simplifying
assumption that the local product structure of Sˆ consists of global factors for b ∈ B
(i.e. Sˆ → S is a trivial fibre bundle). In particular, the blow-down was expressed in
[4, Sect. 2.5] in terms of the universal covers of M and Mˆ . In fact, in this case there
exists a diagonalizable principal T-bundle P over S with first Chern class 2πc1(P ) =∑
a∈A[ωa] ⊗ pa and we can identify Mˆ = Pˆ ×T V ∼= P ×T Wˆ . Then, M := P ×T W
clearly satisfies the definition 3 above.
We now illustrate the blow-down construction in the case of projective bundles.
3.2. Projective bundles as rigid toric bundles. In this paragraph, we specialize
the previous discussion to the case when the Delzant polytope ∆ is a simplex in t∗ ∼= Rℓ,
with codimension one faces F0, . . . Fℓ; the associated complex toric variety V is then the
complex projective space V ∼= (CP ℓ,Tc) and Mˆ is then Tc-equivariantly biholomorphic
to a CP ℓ-bundle over a Ka¨hler manifold Sˆ of the type discussed in §3.1; since Mˆ comes
from a principal Tc-bundle, Mˆ is actually of the form P (L0 ⊕ · · · ⊕ Lℓ) → Sˆ, where
Li are hermitian holomorphic line bundles (the Tc action is then induced by scalar
multiplication on Li).
According to the discussion in §3.1, a blow-down process on Mˆ is encoded by the
realization of Sˆ as a fibre product of flat projective unitary CP db-bundles over a Ka¨hler
manifold S. We here only consider flat projective bundles of the form P (E), where E is
a rank r+1 projectively-flat hermitian vector bundle over S (in general the obstruction
to the existence of E is given by a torsion element of H2(S,O∗); in particular, such an E
always exists if S = Σ is a Riemann surface). We then have Sˆ = P (E0)×S · · ·×SP (Eℓ)→
S, where each Ei → S is a projectively-flat hermitian bundle of rank di + 1, and we
assume that c1(Ei)/(di+1)−c1(E0)/(d0+1) pulls back to
∑
a∈A pia[ωa] on the covering
space
∏
a∈A(Sa, ωa).
In this case, we have that Mˆ = P
(O(−1)E0 ⊕ · · · ⊕ O(−1)Eℓ) → Sˆ, where O(−1)Ei
is the (fibrewise) tautological line bundle over P (Ei) → S — trivial over the other
factors of Sˆ — whereas M = P
(
E0 ⊕ · · · ⊕Eℓ
)→ S, the blow-down process being, over
each point of S, the standard blow-down process from P
(⊕ℓj=0O(−1)Vj ) → ∏ℓj=0(Vj)
6A simple illustration of this construction is W = CP 2 seen as a fibrewise S1-equivariant blow-down
of the first Hirzebruch surface Wˆ = P (O ⊕O(−1))→ CP 1.
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to P (V ), for any splitting V = ⊕ℓj=0Vj of a complex vector space V into a direct sum
of ℓ+ 1 (dj + 1)-dimensional vector subspaces, dj > 0, ℓ > 0, cf. [4]
To go further into the geometry of the situation, we next fix a hermitian metric on
Ei whose Chern connection has curvature Ωi ⊗ IdEi with
Ωi − Ω0 =
∑
a∈A
piaωa, i ≥ 1,
where pa = (p1a, . . . , pℓa) ∈ Rℓ ∼= t will be the constants of our construction. Let θ˜i be
a connection 1-form for the principal U(1)-bundle over Sˆ, associated to the line bundle
O(−1)Ei , with curvature dθ˜i = −ωi+Ωi, where ωi pulls back to the Fubini–Study metric
of scalar curvature 2di(di + 1) on the universal cover of P (Ei) when di ≥ 1, and is zero
when di = 0. We then put θˆj = θ˜j− θ˜0 to define a principal T-connection θˆ = (θˆ1, . . . , θˆℓ)
associated with the principal Tc-bundle M0 over Sˆ.
3.3. The generalized Calabi construction on rigid toric bundles over a semi-
simple base. As recalled in §3.1, any compact Ka¨hler manifold (M,J, ω, g) endowed
with a rigid and semisimple isometric hamiltonian action of an ℓ-torus T, is equivariantly
biholomorphic to a rigid toric bundle over a semisimple base, obtained by a blow-down
process from an associated bundle in T-toric manifolds Mˆ . It still remains to describe
Ka¨hler structure (g, ω) on M : according to [4, Thm. 2], this is done by using the
generalized Calabi construction which we now recall, following [4], with slightly different
notation. We freely use the notation of §3.1.
The generalized Calabi construction is made of three main building blocks — only two
if there is no blow-down — and produces a family of (smooth) singular Ka¨hler structures
on Mˆ , which descend to genuine Ka¨hler metrics onM , called compatible: for any Ka¨hler
manifold (M,J, ω, g) endowed with a rigid and semisimple isometric hamiltonian action
of an ℓ-torus T, the Ka¨hler structures (g, ω) is compatible.
The first building block of the construction is the choice of a compatible T-invariant
Ka¨hler metric gV on the symplectic toric manifold (V, ωV ,T). This part is well-known
(see e.g. [1, 2, 22, 34]): let z ∈ C∞(V, t∗) be the momentum map of the T action
with image ∆ and let V 0 = z−1(∆0) be the union of the generic T orbits. On V 0,
orthogonal to the T orbits is a rank ℓ distribution spanned by commuting holomorphic
vector fields JXξ for ξ ∈ t. Hence there is a function t : V 0 → t/2πΛ, defined up to an
additive constant, such that dt(JXξ) = 0 and dt(Xξ) = ξ for ξ ∈ t. The components
of t are ‘angular variables’, complementary to the components of the momentum map
z : V 0 → t∗, and the symplectic form in these coordinates is simply
ωV = 〈dz ∧ dt〉,
where the angle brackets denote contraction of t and t∗. These coordinates identify each
tangent space with t ⊕ t∗, so any T-invariant ωV -compatible Ka¨hler metric must be of
the form
(2) gV = 〈dz,G, dz〉 + 〈dt,H, dt〉,
whereG is a positive definite S2t-valued function on ∆0,H is its inverse in S2t∗—observe
that G and H define mutually inverse linear maps t∗ → t and t→ t∗ at each point—and
〈·, ·, ·〉 denotes the pointwise contraction t∗ ×S2t× t∗ → R or the dual contraction. The
corresponding almost complex structure is defined by
(3) Jdt = −〈G, dz〉
from which it follows that J is integrable if and only if G is the hessian of a function U
(called symplectic potential) on ∆0 [34].
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Necessary and sufficient conditions for U to come from a globally defined T-invariant
ωV -compatible Ka¨hler metric on V were obtained in [2, 4, 22]. We state here the first-
order boundary conditions obtained in [4, Prop. 1]: for any face F ⊂ ∆, denote by
tF ⊂ t the vector subspace spanned by the inward normals ui ∈ t to all codimension one
faces of ∆, containing F ; as ∆ is Delzant, the codimension of tF equals the dimension of
F . Furthermore, the annihilator t0F of tF in t
∗ is naturally identified with (t/tF )
∗. Then
a smooth strictly convex function U on ∆0 corresponds to a T-invariant, ωV -compatible
Ka¨hler metric gV via (2) if and only if the S
2t∗-valued function H = Hess(U)−1 on ∆0
verifies the following boundary conditions:
• [smoothness] H is the restriction to ∆0 of a smooth S2t∗-valued function on ∆;
• [boundary values] for any point z on the codimension one face Fi ⊂ ∆ with inward
normal ui, we have
(4) Hz(ui, ·) = 0 and (dH)z(ui, ui) = 2ui,
where the differential dH is viewed as a smooth S2t∗ ⊗ t-valued function on ∆;
• [positivity] for any point z in the interior of a face F ⊆ ∆, Hz(·, ·) is positive definite
when viewed as a smooth function with values in S2(t/tF )
∗.
These conditions can be formulated in the following alternative way, cf. [2, 22]: (i) U is
smooth and strictly convex7 on the interior, F 0, of each face F of ∆; (ii) if F =
⋂
i Fi,
where Fi is a codimension one face of ∆ on which 〈ui, z〉 + ci = 0, then, in some
neighbourhood of F 0 in ∆, U is equal to 12
∑
i(〈ui, z〉 + ci) log(〈ui, z〉 + ci) up to a
smooth function.
We denote by S(∆) the space of all symplectic potentials on ∆ defined either way.
For any U in S(∆), we thus get a T-invariant, ωV compatible, Ka¨hler metric gV on V .
The second building block of the generalized Calabi construction consists in using gV
to construct a Ka¨hler metric gW on the variety W , with respect to which the restricted
T-action is rigid and semisimple. This part of the construction only appears in the
situation “with blow-down” and relies in a crucial way on [4, Prop. 2]. Recall that W
was obtained by a restricted symplectic quotient process, which ultimately amounts to
a blow-down of Wˆ = P0 ×T V , where P0 is a T-principal bundle over
∏
b∈B CP
db , cf.
§3.1. The construction of gW then requires the choice of a connection 1-form θ0 on P0,
with curvature dθ0 =
∑
b∈B ωb ⊗ ub where, we recall, ωb is the (normalized) Fubini–
Study metric on CP db of scalar curvature 2db(db + 1), and ub ∈ t is the inward normal
to the codimension one face Fb ⊂ ∆ (satisfying 〈ub, z〉 + cb = 0). We still denote by
θ0 ∈ Ω1(W 0, t) the induced 1-form on the open dense subset W 0 := P0×T V 0 of Wˆ and
we consider the Ka¨hler structure on W 0 defined by:
(5)
gW =
∑
b∈B
(〈ub, z〉+ cb)gb + 〈dz,G, dz〉 + 〈θ0,H, θ0〉,
ωW =
∑
b∈B
(〈ub, z〉+ cb)ωb + 〈dz ∧ θ0〉, dθ0 =
∑
b∈B
ωb ⊗ ub,
with G = Hess(U) = H−1. Clearly, the Ka¨hler structure (gW , ωW ) is well-defined on
W 0 = P0 ×T V 0. As shown in [4], the pair (gW , ωW ) smoothly extends to Wˆ — not as
a Ka¨hler structure however — and descends to a smooth, T-invariant, Ka¨hler structure
on W .
The third and last building block of the generalized Calabi construction similarly
consists in constructing a suitable Ka¨hler structure on M0 = Pˆ ×T V 0, via the choice of
7In [2] the strict convexity condition on the interior of the proper faces is realized equivalently as a
condition on the determinant of HessU .
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a connection 1-form θˆ on Pˆ , with curvature (covered by)
∑
a∈A ωa⊗ pa+
∑
b∈B ωb⊗ ub.
Then the restriction of (Pˆ , θˆ) to each fibre of Sˆ → S is isomorphic to (P0, θ0) over∏
b∈B CP
db . Still denoting by θˆ ∈ Ω1(M0, t) the induced 1-form on M0 = Pˆ ×T V 0, we
consider the Ka¨hler structure (g, ω) on M0 defined by:
(6)
g =
N∑
j=1
(〈pj , z〉+ cj)gj + 〈dz,G, dz〉 + 〈θˆ,H, θˆ〉,
ω =
N∑
j=1
(〈pj , z〉+ cj)ωj + 〈dz ∧ θˆ〉, dθˆ =
N∑
j=1
ωj ⊗ pj,
where:
• G = Hess(U) = H−1, where U is the symplectic potential of the chosen toric Ka¨hler
structure gV on V ;
• for each b ∈ B, pb = ub and the real number cb is such that 〈pb, z〉 + cb = 0 on the
codimension one face Fb;
• for each a ∈ A, 〈pa, z〉+ ca is positive on ∆.
Clearly, (6) defines a smooth tensor on Mˆ and it is shown in [4, Thm. 2] that it is the
pullback of a smooth metric on the blow-down M . Indeed, this is obvious in the case
when the fibre bundle Sˆ → S is trivial (for example taking Mˆ be simply connected, as in
[4]). Then, there exists a principal T-bundle over S with connection form θ and curvature
dθ =
∑
a∈A ωa ⊗ pa and the restriction of θˆ to S0 =
∏
b∈B CP
db gives rise to a principal
T-bundle P0 over S
0 with connection 1-form θ0 and curvature dθ0 =
∑
b∈B ωb ⊗ ub.
Thus, M ∼= P ×T W , M0 ∼= P ×T W 0 where W 0 = P0 ×T V 0. It follows that the
metric (6) restricts on each W 0 fibre to the metric (gW , ωW ) defined by (5); as (gW , ωW )
compactifies smoothly on W , and 〈pa, z〉 + ca are strictly positive on M , (6) defines
a Ka¨hler structure on M . To handle the general case, one can consider the universal
covers of Mˆ and M and use the previous argument, noting that the smooth extension
of the metric is a local property; a direct argument in the case of the projective bundles
described in Sect. 3.2 can be given along the lines of [5, § 1.3]. This completes the
generalized Calabi construction according to [4].
Assuming that the metrics (gj , ωj), the connection 1-form θˆ, the polytope ∆ and the
constants (pj, cj) are all fixed, (6) defines a family of Ka¨hler metrics parametrized by
symplectic potentials U ∈ S(∆) (or, equivalently, by toric Ka¨hler metrics on (V, ωV ,T)).
We note that for this family, the symplectic 2-form ω remains unchanged, so we obtain
a family of T-invariant ω-compatible Ka¨hler metrics corresponding to different complex
structures. However, any two such complex structures are biholomorphic, under a T-
equivariant diffeomorphism in the identity component: this is well-known in the case
of a symplectic toric manifolds (i.e., on (V, ωV ,T)) see [2, 21], and the same argument
holds (fibrewise) on W and M , see [5, § 1.4]. The pullbacks of the symplectic form
ω under such diffeomorphisms introduce a Ka¨hler class Ω on a fixed complex manifold
(M,J) (we can take J to be the complex structure on M introduced in Definition 3: it
corresponds to the standard symplectic potential U0, see [2, 34]).
Definition 4. Ka¨hler structures (g, ω) arising from the generalized Calabi construction
on a rigid toric bundle M , depending on the choice of a symplectic potential U on the
corresponding Delzant polytope S(∆), whose explicit expression is given by (6) on M0,
are called compatible. The corresponding Ka¨hler classes are accordingly called compatible
Ka¨hler classes.
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We shall further assume that the metrics (gj , ωj) are fixed and have constant scalar
curvature Scalj (with Scalb = 2db(db + 1) for b ∈ B),8 and that ∆ and pj are fixed.
Recall that for b ∈ B, the constants cb are also fixed by requiring 〈ub, z〉 + cb = 0 on
the codimension one face Fb ⊂ ∆. The real constants ca, a ∈ A can vary (on a given
manifold (M,J)) and they parametrize the compatible Ka¨hler classes.
3.4. The isometry Lie algebra. For a compact Ka¨hler manifold (M,g), we denote
by i0(M,g) the Lie algebra of all Killing vector fields with zeros; this is equivalently the
Lie algebra of all hamiltonian Killing vector fields.
The following result has been established in the case ℓ = 1 in [5, Prop. 3] and its
proof generalizes to the general case. For the convenience of the Reader, we reproduce
the argument from [5].
Lemma 5. Let (g, ω) be a compatible Ka¨hler metric onM , where the stable complex quo-
tient Sˆ is equipped with the local product Ka¨hler metric (gSˆ , ωSˆ) covered by
∏N
j=1(Sj , ωj).
Denote by pˆ : M0 → Sˆ the principal Tc-fibre structure of the regular part M0 of T action
on M . Let z(T, g) be the centralizer in i0(M,g) of the ℓ-torus T.
Then the vector space z(T, g) is the direct sum of a lift of i0(Sˆ, gSˆ) and the Lie algebra
t ⊂ i0(M,g) of T in such a way that the natural homomorphism pˆ∗ : z(T, g) → i0(S, gS)
is a surjection.
Proof. Denote by K = gradωz ∈ C∞(M,TM) ⊗ t∗ the family of hamiltonian Killing
vector fields generated by T: thus, the span of K realizes the Lie algebra t of T as a
subalgebra of i0(M,g).
Let X be a holomorphic vector field on Sˆ which is hamiltonian with respect to ωSˆ;
then the projection Xj of X onto the distribution Hj (induced by TSj on the universal
cover
∏N
j=1 Sj of S) is a Killing vector field with zeros, so ιXjωSˆ = −dfj for some function
fj (with integral zero). Thus
∑N
j=1 fjpj is a family of hamiltonians for X with respect to
the family of symplectic forms covered by
∑N
j=1 ωj⊗pj: since this is the curvature dθˆ of
the connection on M0, X lifts to a holomorphic vector field X˜ = XH +
∑N
j=1 fj〈pj,K〉
on M0, which is hamiltonian with potential
∑N
j=1(〈pj , z〉 + cj)fj and commutes with
the components of K. (Here XH is the horizontal lift to M
0 with respect to θˆ.) As the
metric g extends toM and X˜ is Killing with respect to g, it extends toM too (note that
M \M0 has codimension ≥ 2). It is not difficult to see that X˜ has zeros on M (in fact,
if s0 ∈ Sˆ is a zero of X then X˜ −
∑N
j=1 fj(s0)〈pj ,K〉 vanishes on M0) so that X˜ is an
element of i0(M,g). Of course, this shows that the Killing potential
∑N
j=1(〈pj , z〉+cj)fj
extends as a smooth function on M .
Conversely, any X˜ ∈ z(T, g) is a Tc-invariant holomorphic vector field, so its restriction
to M0 is projectable to a holomorphic vector field X ∈ h0(Sˆ). This allows to reverse the
above arguments: for X˜ = XH + f〈p,K〉+ hJ〈q,K〉 (where p, q ∈ t and f, g ∈ C∞(Sˆ))
be Killing with respect to the metric (6), we must have q = 0 and Xbe Killing with
respect to gSˆ . Such a vector field maps to zero iff it comes from a constant multiple of
K. This gives a projection to i0(Sˆ, gSˆ) splitting the inclusion just defined. 
This is the main ingredient in the proof of the following result.
8Presumably, the Ka¨hler metrics (gj , ωj) must be CSC in order to obtain an extremal Ka¨hler metric
(g, ω) as above. We do not prove this here, but this fact has been established for ℓ = 1 in [6, Prop. 14].
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Proposition 1. Let (J, g, ω) be a compatible Ka¨hler metric on M where the stable quo-
tient Sˆ is endowed with a local product Ka¨hler structure (gSˆ , ωSˆ), covered by
∏N
j=1(Sj , ωj)
with (Sj , ωj) having constant scalar curvature.
Then g is invariant under a maximal torus G of the reduced automorphism group
A˜ut0(M,J).
Proof. Let G be a maximal torus in the group of hamiltonian isometries Isom0(M,g),
containing the ℓ-torus T. By Lemma 5, G is the product of a maximal torus in the group
of hamiltonian isometries Isom0(Sˆ, gSˆ) and the ℓ-torus T. Denote by g ⊂ i0(M,g) the
corresponding Lie algebra. We are going to show that gC = g+Jg is a maximal abelian
subalgebra of h0(M,J).
As in the proof of Lemma 5, we consider natural homomorphism pˆ∗ : z(T, J) 7→ h0(Sˆ)
from the centralizer z(T, J) of T in h0(M,J) to h0(Sˆ). The proof of Lemma 5 shows
that the restriction of pˆ∗ to z(T, g) is surjective onto i0(Sˆ, gSˆ).
By assumption, the induced Ka¨hler metric (gSˆ , ωSˆ) on Sˆ is of constant scalar curva-
ture, so by the Lichnerowicz–Matsushima theorem [49, 55], h0(Sˆ) is the complexification
of i0(Sˆ, gSˆ). It follows that pˆ∗ : z(T, J) → h0(S) is also surjective. As g ⊂ z(T, g) is a
maximal abelian subalgebra, its projection to i0(S, gS) must also be a maximal abelian
subalgebra, so is then the image pˆ∗(g
C) ⊂ h0(Sˆ) (by using the Lichnerowicz–Matsushima
theorem again). It follows that gC ⊂ h0(M,J) is maximal abelian iff gC ∩ hSˆ(Mˆ ) is a
maximal abelian subalgebra of the complex algebra of fibre-preserving holomorphic vec-
tor fields hSˆ(Mˆ). But the fibre V is a toric variety under T, so g
C∩hSˆ(Mˆ ) = tC = t+Jt,
which is clearly a maximal abelian subalgebra of h(V, JV ) and hence also of hSˆ(Mˆ ). 
3.5. The extremal vector field. For convenience, we will introduce at places a basis
of t (resp. of t∗), for example by taking ℓ generators of the lattice Λ (where T = t/2πΛ).
This identifies the vector space t with Rℓ (and t∗ with (Rℓ)∗), and fixes a basis of Poisson
commuting hamiltonian Killing fields K1, . . . ,Kℓ in K. Thus, a S
2t∗-valued function H
on ∆ can be seen as an ℓ × ℓ-matrix of functions (Hrs) = H on ∆. Similarly, we write
z = (z1, . . . , zℓ) for the momentum coordinates with respect to K1, . . . ,Kℓ.
An important technical feature of the Ka¨hler metrics given by the generalized Cal-
abi construction (6) is the simple expression of their scalar curvature in terms of the
geometry of (V, gV ) and (Sˆ, gSˆ) (see e.g. [3, p. 380]):
(7) Scalg =
N∑
j=1
Scal j
〈pj , z〉+ cj −
1
p(z)
ℓ∑
r,s=1
∂2
∂zr∂zs
(p(z)Hrs),
where p(z) =
∏N
j=1(〈pj , z〉+ cj)dj . This formula generalizes the expression obtained by
Abreu [1] in the toric case (when Sˆ is a point).
Another immediate observation is that the volume form Volω = ω
m is given by
(8) ωm = p(z)
(
ωd
Sˆ
∧ 〈dz ∧ θˆ〉∧ℓ
)
= p(z)
(∧
j
ω
∧dj
j
)
∧ 〈dz ∧ θˆ〉∧ℓ,
where
∑N
j=1 dj = d = m− ℓ. It follows that integrals over M of functions of z (pullbacks
from ∆) are given by integrals on ∆ with respect to the volume form p(z) dv, where dv
is the (constant) euclidean volume form on t∗, obtained by wedging any generators of
the lattice Λ.
We now recall the definition in [31] of the extremal vector field of a compact Ka¨hler
manifold (M,J, g, ω). Let G be a maximal connected compact subgroup of the reduced
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group of automorphisms A˜ut0(M,J).
9 Following [31], the extremal vector field of a G-
invariant Ka¨hler metric (g, J, ω) on M is the Killing vector field whose Killing potential
is the L2-projection of the scalar curvature Scalg of g to the space gω of all Killing
potentials (with respect to g) of elements of the Lie algebra g. Futaki and Mabuchi [31]
showed that this definition is independent of the choice of a G-invariant Ka¨hler metric
within the given Ka¨hler class Ω = [ω] on (M,J). Since the extremal vector field is
necessarily in the centre of g, it can be equally defined if we take G be only a maximal
torus in A˜ut0(M,J). This remark is relevant to the Ka¨hler metrics (6) as we have
already shown in Proposition 1 that they are automatically invariant under such a torus
G. In this case, by Lemma 5, gω is the direct sum of tω (which in turn is identified to
the space of affine functions of z) and a subspace of Killing potentials of zero integral
of lifts of Killing vector fields on (Sˆ, gSˆ). We have shown in the proof of Lemma 5 that
the later potentials are all of the form
∑
j(〈pj, z〉 + cj)fj where fj is a function on Sˆ
of zero integral with respect to ωd
Sˆ
. As the scalar curvature of a compatible metric is a
function of z only (see (7), we assume Scalj are constant) it follows from (8) that the
L2-projection of Scalg to gω lies in tω. This shows that the extremal vector field lies
in t and that the projection of Scalg orthogonal to the Killing potentials of g takes the
form:
Scal⊥g = 〈A, z〉 +B + Scal g,
where {∑
s αsAs + αB + 2β = 0,∑
s αrsAs + αrB + 2βr = 0,
(9)
α =
∫
∆
p(z)dv, αr =
∫
∆
zrp(z)dv, αrs =
∫
∆
zrzsp(z)dv,with
β =
1
2
∫
∆
Scal gp(z)dv =
∫
∂∆
p(z)dσ +
1
2
∫
∆
(∑
j
Scal j
〈pj , z〉+ cj
)
p(z)dv,
βr =
1
2
∫
∆
Scal gzrp(z)dv =
∫
∂∆
zrp(z)dσ +
1
2
∫
∆
(∑
j
Scal j
〈pj, z〉 + cj
)
zrp(z)dv.
Here dσ is the (ℓ − 1)-form on ∂∆ with ui ∧ dσ = −dv on the face Fi with normal
ui. These formulae are immediate once one applies the divergence theorem and the
boundary conditions (4) for H, noting that the normals are inward normals, which
introduces a sign compared to the usual formulation of the divergence theorem.
The extremal vector field of (M,g, J, ω) is −〈A,K〉, where K ∈ C∞(M,TM) ⊗ t∗ is
the generator of the T action.
3.6. The extremal equation and stability of its solutions under small pertur-
bation. It follows from the considerations in Sect. 3.5 that on a given manifold M of
the type we consider, finding a compatible extremal Ka¨hler metric (g, ω) of the form (6)
reduces to solving the equation (for a unknown symplectic potential U ∈ S(∆))
(10) 〈A, z〉 +B +
N∑
j=1
Scalj
cj + 〈pj , z〉 −
1
p(z)
∑
r,s
∂2
∂zr∂zs
(
p(z)Hrs
)
= 0,
where
• (Hrs) = H = (Hess(U))−1;
9By a well-known result of Calabi [14], any extremal Ka¨hler metric must be invariant under such a
G.
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• (cj , pj, Scalj) are fixed constants;
• p(z) = ∏Nj=1(cj + 〈pj , z〉)dj is strictly positive on ∆0 but vanishes on the blow-down
faces Fb, b ∈ B;
• A and B are expressed in terms of (cj , pj , Scalj) by (9).
Recall from Sect. 3.3 that the real constants ca, a ∈ A parametrize compatible Ka¨hler
classes on a given manifold M . A general result of LeBrun–Simanca [46] affirms that
Ka¨hler classes admitting extremal Ka¨hler metric form an open subset of the Ka¨hler
cone. We want to obtain a relative version of this result, by showing that compatible
Ka¨hler classes which admit a compatible extremal Ka¨hler metric is an open condition
on the parameters ca.
We will state and prove our stability result in a slightly more general setting, by
considering (10) as a family of differential operators on S(∆), parametrized by λ ∈
{(ca, pa, Scala), a ∈ A} (thus λ takes values in a (2+ ℓ)|A|-dimensional euclidean vector
space). For any λ such that 〈pa, z〉+ ca > 0 on ∆, we consider
(11) Pλ(U) = 〈Aλ, z〉 +Bλ +
N∑
j=1
Scalj
cj + 〈pj , z〉 −
1
pλp0
ℓ∑
r,s=1
∂2
∂zr∂zs
(
pλp0Hrs
)
,
where (Hrs) = Hess(U)
−1, pλ(z) =
∏
a∈A(〈pa, z〉 + ca)da , p0(z) =
∏
b∈B(〈ub, z〉 + cb)db ,
and Aλ, Bλ are introduced by (9). The central result of this section is the following one.
Proposition 2. Let (g0, ω0) be a compatible extremal Ka¨hler on M , with symplectic
potential U0 and parameters λ0 = (c
0
a, p
0
a, Scal
0
a), a ∈ A. Then there exists ε > 0 such
that for any λ with |λ− λ0| < ε there exists a symplectic potential Uλ ∈ S(∆) such that
Pλ(Uλ) = 0 on ∆
0.
The proof of this proposition has several steps and will occupy the rest of this section.
It is not immediately clear from (11) that Pλ is a well-defined differential operator:
in the presence of blow-downs, the terms Scalb
cb+〈pb,z〉
and 1
p0(z)
become degenerate on the
boundary of ∆.10 Of course, for λ = λ0 we know from (10) that Pλ0(U) = Scal
⊥
g where
g is the compatible metric on M corresponding to U , and Scal⊥g is the L
2-projection
of the scalar curvature to the space of functions orthogonal to the Killing potentials of
g. However, for generic values of λ the data (ca, pa, Scala) are not longer associated
with a compatible Ka¨hler class on a smooth manifold: for this to be true pa and Scala
must satisfy integrality conditions. To overcome this technical difficulty, we are going
to rewrite our equation on the smooth compact manifold W . (Note that for b ∈ B,
pb = ub, cb, Scalb = 2db(db + 1) are fixed in our construction.)
Recall from Sect. 3.3 that any symplectic potential U ∈ S(∆) introduces a compatible
Ka¨hler metric (gW , ωW ) on the manifold W obtained by blowing down Wˆ = P0 ×T V .
Thus, (W, gW , ωW ) itself is obtained by the generalized Calabi construction with S being
a point.
By a well-known result of G. W. Schwarz [63], the space C∞(V )T of T-invariant
smooth functions on the toric symplectic manifold (V, ωV ,T) is identified with the space
of pullbacks (via the momentum map z) of smooth functions C∞(∆) on ∆; similarly,
the space of smooth T-invariant functions on W (resp. onM) which are constant on the
inverse images of the momentum map z is identified with the space C∞(∆). We will use
implicitly these identification throughout. Occasionally, when we want to emphasize the
10This does not affect the principal part of Pλ, which is concentrated in the scalar curvature ScalV =
−
∑
r,s
∂2
∂zr∂zs
Hrs of the induced Ka¨hler metric gV on V [1], and is manifestly independent of λ.
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dependence of this identification on z, we will denote these isomorphisms by Sz. With
this convention, we have
Lemma 6. Let U ∈ S(∆) be a symplectic potential of a compatible Ka¨hler metric gV on
(V, ωV ,T) and (gW , ωW ) be the corresponding compatible Ka¨hler metric on W . Then,
for any λ such that 〈pa, z〉+ ca > 0 on ∆,
Pλ(U) =〈Aλ, z〉+Bλ +
∑
a∈A
Scala
ca + 〈pa, z〉 + ScalW
− 1
pλ(z)
ℓ∑
r,s=1
(( ∂2pλ
∂zr∂zs
)
(z)gW (Kr,Ks)
)
+
2
pλ(z)
ℓ∑
r=1
((∂pλ
∂zr
)
(z)∆W zr
)
,
where ScalW and ∆W respectively denote the scalar curvature and the riemannian lapla-
cian of gW , and dzr = −ωW (Kr, ·).
Proof. We work on the open dense subset W 0 = P0 ×T V 0 where the compatible metric
(gW , ωW ) takes the explicit form (5). The formula (7) for the scalar curvature of the
compatible metric gW then specifies to
ScalW =
∑
b∈B
Scalb
〈pb, z〉 + cb −
1
p0(z)
ℓ∑
r,s=1
∂2
∂zr∂zs
(p0(z)Hrs).
Still using the explicit form (5) of the Ka¨hler structure, we calculate that for the pullback
to W of a smooth function f(z) on ∆
ddcW f = d
( ℓ∑
r,s=1
∂f
∂zs
Hrs(θ0)r
)
=
ℓ∑
k,r,s=1
∂
∂zk
( ∂f
∂zs
Hrs
)
dzk ∧ (θ0)r +
∑
b∈B
( ℓ∑
r,s=1
∂f
∂zs
Hrspbr
)
ωb,
(12)
where the decompositions θ0 = ((θ0)1, . . . , (θ0)ℓ) and pb = (pb1, . . . , pbℓ) are with respect
to the chosen basis of t and t∗. Wedging with ωW , we obtain the following expression
for the laplacian
(13) ∆W f = − 1
p0(z)
ℓ∑
r,s=1
∂
∂zr
(
p0(z)
∂f
∂zs
Hrs
)
.
Specifying (13) to f = zr and putting the above formulae back in (11) implies the
lemma. 
Note that 1pλ(z) and
Scala
ca+〈pa,z〉
pull back to smooth functions on W for λ such that
ca + 〈pa, z〉 > 0 on ∆, and Aλ and Bλ are well-defined and depend smoothly on λ (at
least for λ close to λ0). Thus, Lemma 6 implies that Pλ is a fully non-linear 4-th order
differential operator which depends smoothly on λ (for λ sufficiently close to λ0). It
follows that Pλ(U) ∈ C∞(∆) for any U ∈ S(∆).
Our problem is formulated in terms of compatible Ka¨hler metrics on V (or, equiva-
lently, onW andM) with respect to a fixed symplectic form ωV (resp. ωW and ω). This
introduces the space of symplectic potentials S(∆) where we have to work with smooth
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functions on ∆0 which have a prescribed boundary behaviour on ∂∆. Our lack of un-
derstanding of the convergence in this space (with respect to suitable Sobolev norms)
leads us to make an additional technical step and reformulate our initial problem as
an existence result on a suitable subspace of the space MΩ(M)G ∼= {f ∈ C∞0 (M)G :
ω0 + dd
cf > 0} of G-invariant Ka¨hler metrics in the Ka¨hler class of (g0, J0, ω0), where
C∞0 (M)
G denotes the space of G-invariant smooth functions on M of zero integral with
respect to ωm0 (thus MΩ(M)G is viewed as an open set in C∞0 (M)G with respect to
|| · ||C2). Once this interpretation is achieved, we will apply the implicit function theo-
rem along the lines of the proof of Lemma 4.
First of all, note that the Freche´t space C∞(∆) pulls back via z to a closed sub-
space in C∞(V )T, C∞(W )T and C∞(M)G, where T (resp. G) is a maximal torus
in A˜ut0(W ) (resp. A˜ut0(M)) containing T, as in Proposition 1: this follows easily
from the description of the Lie algebras of T and G given in Lemma 5. Furthermore,
by (8), the corresponding normalized subspaces of functions with zero integral for the
measures pλ(z)p0(z)Volω0
V
, pλ(z)Volω0
W
and Volω0 , respectively, are identified with the
space C∞0 (∆) of smooth functions of zero integral with respect to the volume form
dµ0 = pλ0(z)p0(z)dv on ∆
0: this normalization will be used throughout.
Secondly, to adopt the classical point of view of Ka¨hler metrics within a given Ka¨hler
class on a fixed complex manifold, we consider the Fre´chet space MΩ(V )T ∼= {f ∈
C∞0 (∆) : ω
0
V + dd
c
V f > 0} of T-invariant Ka¨hler metrics in the Ka¨hler class Ω = [ω0V ],
where the complex structure on V (resp. on W and M) is determined (and will be fixed
throughout) by the initial compatible metric (g0, ω0); similarly, we introduce the spaces
MΩ(W )T andMΩ(M)G of Ka¨hler metrics in the given Ka¨hler class which are invariant
under a maximal torus (see Proposition 1). These three spaces are interrelated by the
generalized Calabi construction as follows.
Lemma 7. Let ω˜V = ω
0
V + dd
c
V f be a Ka¨hler metric in MΩ(V )T. Then ω˜W = ω0W +
ddcW f and ω˜ = ω0+dd
c
Mf define Ka¨hler metrics inMΩ(W )T andMΩ(M)G respectively,
such that ω˜V , ω˜W and ω˜ are linked by the generalized Calabi construction on M , with
respect to the data (∆, Sˆ, θˆ, ωj) of the initial metric ω0, but with momentum co-ordinate
z˜ = z + dcV f(K).
Proof. A direct calculation based on the expressions of ddcV f, dd
c
W f and dd
c
Mf , see (12);
we leave the details to the reader. 
Lemma 7 allows us to introduce subspaces of compatible Ka¨hler metricsMcompΩ (W ) =
MΩ(W )T ∩C∞0 (∆) and McompΩ (M) =MΩ(M)G ∩C∞0 (∆) (within a fixed Ka¨hler class
Ω) and identify each of them with the space MΩ(V )T. The correspondence which
associates to any ω˜W ∈ McompΩ (W ) (resp. ω˜ ∈ McompΩ (M)) the corresponding symplectic
potential U˜ ∈ S(∆)11 allows us to reformulate our existence problem on the space
McompΩ (W ) as follows: for any λ sufficiently close to λ0 (so that Aλ, Bλ are well-defined
11For a metric ω˜V = ω
0
V + dd
c
V f ∈ M
T(V ) the corresponding symplectic potential U˜ is linked to f
by a Legendre transform [2, 34]; this is true fibrewise for metrics inMcompΩ (W ) andM
comp
Ω (M).
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and 〈pa, z〉+ ca > 0 on ∆), we consider the family of differential operators on MΩ(W )T
Qλ(ω˜W ) =
pλ(z˜)
pλ0(z˜)
[
〈Aλ, z˜〉+Bλ +
N∑
j=1
Scalj
cj + 〈pj, z˜〉
+ S˜calW − 1
pλ(z˜)
∑
r,s
(( ∂2pλ
∂zr∂zs
)
(z˜)g˜W (Kr,Ks)
)
+
2
pλ(z˜)
∑
r
((∂pλ
∂zr
)
(z˜)∆˜W (z˜r)
)]
,
(14)
where z˜ = z + dcW f(K) is the momentum map of T with respect to the Ka¨hler form
ω˜W = ω
0
W + dd
c
W f of the Ka¨hler metric g˜W , and S˜calW (resp. ∆˜W ) denote the scalar
curvature (resp. laplacian) of g˜W . Thus, by Lemmas 6 and 7, any Ka¨hler metric
ω˜W ∈ McompΩ (W ) for which Qλ(ω˜W ) = 0 gives rise to a symplectic potential U˜ ∈ S(∆)
solving Pλ(U˜) = 0.
The positive factor pλ(z˜)
pλ0(z˜)
in front of Qλ is introduced so that for any compatible
metric ω˜W ∈McompΩ (W ), the function Sz˜(Qλ(ω˜W )) is L2-orthogonal with respect to the
measure dµ0 = pλ0p0dv on ∆ to the space of affine functions on t
∗, where, we recall,
Sz˜ denotes the identification of T-invariant smooth functions on W which are constant
on the inverse images of z˜ (equivalently of z) with pullbacks via z˜ of smooth functions
on ∆. Indeed, by Lemma 6, pλ0(z˜)p0(z˜)Qλ(ω˜W ) = Pλ(U˜)pλ(z˜)p0(z˜), so integrating by
parts the r.h.s. of (11) and using (4) we get∫
∆
Pλ(U)f(z)pλ(z)p0(z)dv = −
∫
∆
〈H,Hess(f)〉pλ(z)p0(z)dv
+
∫
∆
(
〈A, z〉 +B +
N∑
j=1
Scalj
cj + 〈pj, z〉
)
f(z)pλ(z)p0(z)dv
+ 2
∫
∂∆
f(z)pλ(z)p0(z)dσ,
which holds for any smooth function f(z). When f is affine, the first term in the r.h.s
is clearly zero, while by the definition (9) of Aλ and Bλ the sum of the two other terms
is zero too; our claim then follows by Lemma 7 and the expression (8) for the volume
form of the compatible metric ω˜W .
Let Π0 denote the orthogonal L
2-projection of C∞(∆) to the finite dimensional sub-
space of affine functions of t∗ with respect to the measure dµ0 = pλ0p0dv on ∆, and
C∞⊥ (∆) be the kernel of Π0. We then consider the map Ψ: U → R(2+ℓ)|A| × C∞⊥ (∆),
defined in a small neighbourhood U of (λ0, 0) ∈ R(2+ℓ)|A| × C∞⊥ (∆) by
Ψ(λ, f) =
(
λ, (Id −Π0)(Sz(Qλ(ω˜W ))
)
,
where ω˜W = ω
0
W + dd
c
W f is a compatible metric on McompΩ (W ). Note that if f has
sufficiently small C1-norm, the equation (Id−Π0) ◦ (Sz(Qλ(ω˜W )) = 0 is satisfied if and
only if Qλ(ω˜W ) = 0: this follows from the fact that Π0 ◦ Sz˜ ◦ S−1z defines a continuous
family of linear endomorphisms of the finite dimensional space of affine functions on t∗,
with the identity corresponding to ω˜W = ω
0
W ; thus Π0 ◦ Sz˜ ◦ S−1z ◦ Π0 is invertible for
ω˜W close to ω
0
W , and hence (by using that Π0(Sz˜(Q(ω˜W )) = 0) we get
Π0 ◦ Sz˜ ◦ S−1z ◦ (Id−Π0)
(
Sz(Qλ(ω˜W )
)
= −Π0 ◦ Sz˜ ◦ S−1z ◦ Π0
(
Sz(Qλ(ω˜W ))
)
which is zero iff Sz(Qλ(ω˜W ) = 0 i.e. Qλ(ω˜W ) = 0.
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By the discussion above, we are in position to complete the proof of Proposition 2 by
applying the inverse function theorem to the extension of Ψ to suitable Sobolev spaces,
together with elliptic regularity (as in [46], see also the proof of Lemma 4) in order to find
a family ω˜λW = ω
0
W + dd
c
W fλ of smooth compatible metrics satisfying Ψ(λ, fλ) = (λ, 0)
for |λ− λ0| < ε.
Let us first introduce the functional spaces we will work on. Recall that C∞(∆) is
seen as a (closed) Fre´chet subspace of the space of T -invariant smooth functions on W
(resp. G-invariant smooth functions on M) which are constant on the inverse images
of the momentum map z for the sub-torus T. It follows from the description of the
Lie algebra of T (resp. G) given in Lemma 5 that C∞⊥ (∆) is precisely the intersection
of C∞(∆) with the space C∞⊥ (W )
T of T -invariant smooth functions on W which are
L2-orthogonal with respect to pλ0Volω0
W
to Killing potentials of g0W (resp. the space
C∞⊥ (M)
G of G-invariant smooth functions on M which are L2-orthogonal with respect
to Volω0 to Killing potentials of g0). We let L
2,k
⊥ (W,∆) (resp. L
2,k
⊥ (M,∆)) be the closure
of C∞⊥ (∆) with respect to the Sobolev norm || · ||k2 on W for the measure pλ0(z)Volω0W
and riemannian metric g0W (resp. the Sobolev norm || · ||k2 on M with respect to Volω0
and g0). For k ≫ 1, the Sobolev embedding L2,k+4⊥ (W,∆) ⊂ C3⊥(∆) allows us to
extend the differential operator Ψ to a C1-map from a neighbourhood of (λ0, 0) ∈
R
(2+ℓ)|A| × L2,k+4⊥ (W,∆) into L2,k⊥ (W,∆), such that Ψ(λ0, 0) = 0; furthermore, as the
principal part of Qλ is concentrated in the term S˜calW , one can see that Ψ is a fourth-
order quasi-elliptic operator [46].
Now, in order to apply the inverse function theorem, it is enough to establish the
following
Lemma 8. Let T0 : C
∞
⊥ (∆)→ C∞⊥ (∆) be the linearization at ω0W ∈ McompΩ (W ) of Qλ0 .
Then T0 is an isomorphism of Fre´chet spaces.
Proof. Let (g0, J0, ω0) be the compatible extremal Ka¨hler metric onM corresponding to
the initial value λ = λ0. For any function f ∈ C∞⊥ (∆) we consider the compatible Ka¨hler
metric g˜ on M , with Ka¨hler form ω˜ = ω0 + dd
c
Mf and the compatible Ka¨hler metric
g˜W on W with Ka¨hler form ω˜W = ω
0
W + dd
c
W f . We saw already in Sect. 3.5 that for
λ = λ0, Qλ0(ω˜W ) = Pλ0(U˜) = Scal
⊥
g˜ , where U˜ and Scal
⊥
g˜ are the symplectic potential
and normalized scalar curvature of g˜. It then follows from [32, 45] that the linearization
T0 of Qλ0 (at ω
0
W ) is equal to −2 times the Lichnerowicz operator L of (g0, ω0) acting on
the space of pullbacks (via z) of functions in C∞⊥ (∆). We have already observed in the
proof of Lemma 4 that L is an isomorphism when restricted to the space C∞⊥ (M)
G of
G-invariant smooth functions L2-orthogonal to Killing potentials of g0. The main point
here is to refine this by showing that L is an isomorphism when restricted to subspace
C∞⊥ (∆), the only missing piece being the surjectivity.
Suppose for a contradiction that L : C∞⊥ (∆)→ C∞⊥ (∆) is not surjective. Considering
the extension of L to an operator between the Sobolev spaces L2,4⊥ (M,∆)→ L2⊥(M,∆)
(by elliptic theory L is a closed operator), our assumption is then equivalent to the
existence of a non-zero function u ∈ L2⊥(M,∆) such that, for any φ ∈ C∞⊥ (∆), L(φ) is
L2 orthogonal to u. As any sequence of functions converging in L2(M) has a point-wise
converging subsequence, u = u(z) is (the pullback to M of) a L2-function on ∆, and
using (8) we have
(15)
∫
M
L(φ)uωm0 =
∫
∆0
L(φ)u(z)p(z)dv = 0.
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We claim that (15) implies
(16)
∫
M
L(f)u ωm0 = 0
for any f ∈ C∞⊥ (M)G. This would be a contradiction because L extends to an isomor-
phism between the closures L2,4⊥ (M)
G
and L2⊥(M)
G
of C∞⊥ (M)
G in the corresponding
Sobolev spaces on M .
It is enough to establish (16) by integrating on M0 = z−1(∆0) (which is the comple-
ment of the union of submanifolds of real codimension at least 2).
The Lichnerowicz operator L has the following general equivalent expression [32, 45]
(17) L(f) =
1
2
∆2g0f + g0(dd
cf, ρg0) +
1
2
g0(df, dScalg0),
where ρg0 is the Ricci form of (g0, J0) and ∆g0 is its laplacian. We will use the specific
form (6) of g0 to express the r.h.s of the above equality in terms of the geometry of
(V, g0V ) and (Sˆ, gSˆ).
Let f be any G-invariant (and hence T-invariant) smooth function on M . It can be
written on M0 as a smooth function depending on z and Sˆ and, for any s ∈ Sˆ, we
will denote by fs(z) = f(z, s) the corresponding smooth function of z (Note that, as
the pullback of f to Mˆ is smooth, fs(z) is a smooth function on ∆, not only on ∆
0.)
Similarly, for any z ∈ ∆0, fz(s) = f(z, s) stands for the corresponding smooth function
on Sˆ.
Using [4, Prop. 7] and the specific form (6) of g0, it is straightforward to check that
on M0 we have
ddcf =
ℓ∑
k,r,t=1
∂
∂zk
( ∂f
∂zt
Hrt
)
dzk ∧ θˆr +
N∑
j=1
( ℓ∑
r,t=1
∂f
∂zt
Hrtpjr
)
ωj
+
ℓ∑
r=1
(
dSˆ
( ℓ∑
s=1
∂f
∂zt
Hrt
)
∧ θˆr + dcSˆ
( ℓ∑
t=1
∂f
∂zt
Hrt
)
∧ Jθˆr
)
+ dSˆd
c
Sˆ
fz
∆g0f =∆Sˆ,zfz +∆g0fs;
ρg0 =
N∑
j=1
ρj −
ℓ∑
k,r,t=1
∂
∂zk
( 1
2p(z)
∂(p(z)Htr)
∂zt
)
dzk ∧ θˆr
− 1
2p(z)
N∑
j=1
( ℓ∑
r,t=1
∂(p(z)Hrt)
∂zt
pjr
)
ωj,
Scalg0 =ScalSˆ,z −
1
p(z)
ℓ∑
r,t=1
∂2
∂zr∂zt
(p(z)Hrt),
where
• p(z) =∏Nj=1(〈pj , z〉+ cj)dj ;
• θˆ = (θˆ1, . . . , θˆℓ) and pj = (pj1, . . . , pjℓ) with respect to the chosen basis of t;
• dSˆ and dcSˆ are the differential and the dc-operator acting on functions and forms on
Sˆ;
• (gj , ωj) are the product CSC Ka¨hler factors of the Ka¨hler metric (gSˆ , ωSˆ), with re-
spective Ricci forms ρj and laplacians ∆gj ;
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• gSˆ,z =
∑N
j=1(〈pj , z)+ cj)gj is the quotient Ka¨hler metric on Sˆ at z, and ωSˆ,z, ScalSˆ,z
and ∆Sˆ,z denote its Ka¨hler form, scalar curvature and laplacian, respectively;
Substituting back in (17), we obtain
L(f) =L(fs) + LSˆ,z(fz) + ∆Sˆ,z
(
(∆g0fs)z
)
+∆g0
(
(∆Sˆ,zfz)s
)
+
N∑
j=1
Rj(z)∆gj (fz),
where LSˆ,z is the Lichnerowicz operator of gSˆ,z, and Rj(z) are coefficients (that can be
found explicitly from the above formulae) depending only on z, and such that p(z)Rj(z)
are smooth on ∆.
If we integrate the above expression for L(f) against u(z) (by using (8)) we get that∫
M L(f)u ω
m
0 is a non-zero constant multiple of∫
Sˆ
( ∫
∆0
L(fs)u(z)p(z)dv
)
ωd
Sˆ
+
∫
Sˆ
( ∫
∆0
∆g0
(
(∆Sˆ,zfz)s
)
u(z)p(z)dv
)
ωd
Sˆ
+
∫
∆0
(∫
Sˆ
LSˆ,z(fz)ω
d
Sˆ,z
)
u(z)dv +
∫
∆0
(∫
Sˆ
∆Sˆ,z
(
(∆g0fs)z
)
ωd
Sˆ,z
)
u(z)dv
+
N∑
j=1
∫
∆0
( ∫
Sˆ
∆gj(fz) ω
d
Sˆ
)
p(z)Rj(z)u(z)dv.
To see that all the terms vanish, note that the first term is zero by (15); the third and
fourth terms are zero because LSˆ,z and ∆Sˆ,z are self-adjoint (with respect to ωSˆ,z) and
therefore their images are L2-orthogonal to constants on Sˆ. The fifth term is also zero
because ∆gj(f) is L
2-orthogonal to constants on Sˆ with respect to ωSˆ : this follows easily
from the local product structure of gSˆ . For the second term one uses that ∆g0 defines
a self-adjoint operator on C∞(∆) with respect to the measure p(z)dv: thus, for any
smooth function φ(z) on ∆,∫
Sˆ
(∫
∆0
∆g0
(
(∆Sˆ,zfz)s
)
φ(z)p(z)dv
)
ωd
Sˆ
=
∫
∆0
(∫
Sˆ
∆Sˆ,z(fz)ω
d
Sˆ,z
)
(∆g0φ)dv = 0
because ∆Sˆ,zfz is L
2-orthogonal to constants on Sˆ; as u is in the closure in L2 of
pullbacks of smooth functions on ∆, the second term vanishes too.
This concludes the proof of the lemma. 
An immediate consequence of Proposition 2 is the following
Corollary 1. The existence of a compatible extremal Ka¨hler metric is an open condition
on the set of admissible Ka¨hler classes on M .
Proof. As we have already observed, the admissible Ka¨hler classes are parametrized
by the real constants ca for a ∈ A. We thus apply Proposition 2 by taking λ =
(ca, p
0
a, Scal
0
a). 
3.7. Proof of Theorem 3. To deduce Theorem 3 from Proposition 2, we observe that
the differential operators (11) satisfy Ptλ = Pλ for any real number t 6= 0.
On any Ka¨hler manifold (M,g, ω) obtained by the generalized Calabi construction
with data λ = (ca, pa, Scala), we can consider the sequence of differential operators Pλk
where λk = (ca + k, pa, Scala). The differential operator Pλk is the same as Pλk
k
and
λk
k converges when k → ∞ to the data corresponding to the extremal Ka¨hler metric
equation for a compatible Ka¨hler metrics on W . We then readily infer Theorem 3 from
Proposition 2.
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Remark 6. As any invariant Ka¨hler metric on a toric manifold is compatible, Theorem 3
implies the existence of (compatible) extremal metrics on a rigid semisimple toric bundles
M over a CSC locally product Ka¨hler manifold, in the case when there are no blow-
downs and W = V is a toric extremal Ka¨hler manifold.
Remark 7. An interesting class of rigid toric bundles comes from the theory of multiplicity-
free manifolds recently discussed in [25]. A typical example is obtained by taking a com-
pact connected semisimple Lee group G and a maximal torus T ⊂ G with Lie algebra
t; if we pick a positive Weyl chamber t+ ⊂ t (and identify t with its dual space t∗ via
the Killing form), for any Delzant polytope ∆ contained in the interior of t+, one can
consider the manifold M = p : G×T V → S = G/T, where V is the toric manifold with
Delzant polytope ∆. Note that G has a structure of principal T-bundle over the flag
manifold S = G/T with a connection 1-form θ ∈ Ω1(G, t) whose curvature ω(z) = 〈dθ, z〉
defines a family of symplectic forms on S (the Kirillov–Kostant–Souriau forms); identi-
fying S ∼= Gc/B, where B is a Borel subgroup of the complexification Gc of G, each ω(z)
defines a homogeneous Ka¨hler metric g(z) on the complex manifold S (which is therefore
of constant scalar curvature); the Ricci form ωS of ω(z) is independent of z, giving rise
to the normal (Ka¨hler–Einstein) metric gS on S. Now, for any toric Ka¨hler metric on
V , corresponding to a symplectic potential U ∈ S(∆), one considers the Ka¨hler metric
on M
g = p∗(g(z) + kgS) + 〈dz,G, dz〉 + 〈θ,H, θ〉, ω = p∗(ω(z) + kωS) + 〈dz ∧ dθ〉,
where G = Hess(U), H = G−1, z ∈ ∆ and k > 0. In this case, G → S = G/T
is not necessarily a diagonalizable principal T-bundle over S = G/T (in other words,
M = G ×T V → S = G/T is a rigid but not in general semisimple toric bundle).
However, most parts of the discussion in Sect. 3 do extend to this case too (see also
[3]), with some obvious modifications. The key points are that (a) the volume form
of g(z) + kgS is a multiple p(z) (depending only on z) of VolgS : this allows to extend
the curvature computations (see [3, Prop. 7]) and formula (8) to this case, (b) for any
z ∈ ∆, g(z) + kgS is a CSC Ka¨hler metric on S: this allows to extend the results in
Sect. 3.4, and (c) there is a similar formula to (7) for the scalar curvature of g, found
by Raza [59], which allows to reduce the extremal equation for the Ka¨hler metrics in
the above form to (10) with pa being essentially the positive roots of G, ca = k and
Scala positive constants. Proposition 2 and its corollaries (Corollary 1 and Theorem 3)
extend to this setting too. We thus get both openness and existence of extremal Ka¨hler
metrics of the above form when V is an extremal toric Ka¨hler variety and k ≫ 0.
4. Proof of Theorem 4
As another application of Theorem 3, we derive Theorem 4 from the introduction.
This is the case when V = CP ℓ andW = CP r, r ≥ ℓ ≥ 1 andM = P (E0⊕· · ·⊕Eℓ)→ S
(see Sect. 3.2). It follows from the general theory of hamiltonian 2-forms [3, 4] that
any Fubini–Study metric on CP r admits a rigid semisimple isometric action of an ℓ-
dimensional torus T, for any 1 ≤ ℓ ≤ r (see in particular [3, Prop. 17] and [4, Thm. 5]):
thus, W = CP r admits a compatible extremal Ka¨hler metric.
Let ω be a compatible Ka¨hler on M ; as the fibre is CP r, by re-scaling, we can
assume without loss that [ω] = 2πc1(O(1)E) + p∗α, where α is a cohomology class on
S. The form (6) of ω and the assumption on the first Chern classes c1(Ei) imply that
α is diagonal with respect to the product structure of S, in the sense that it pulls
back to the covering product space as α =
∑
a∈A qa[ωa] for some real constants qa.
Therefore, Ωk = 2πc1(O(1)E) + kp∗[ωS ] = [ω] +
∑
a∈A(k − qa)p∗[ωa]. If we choose q
with q > qa, then ω˜ = ω+
∑
a∈A(q− qa)p∗ωa is clearly a compatible Ka¨hler metric too.
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Thus, Ωk = [ω˜] + (k − q)p∗[ωS] with [ω˜] compatible, and we derive Theorem 4 from the
introduction as a particular case of Theorem 3.
5. Proof of Theorem 2
Suppose that (g, ω) is an extremal Ka¨hler metric in Ωk = 2πc1(O(1)E) + kp∗[ωΣ]
on (M,J) = P (E0 ⊕ . . . ⊕ Eℓ) → Σ, where Ei are indecomposable holomorphic vector
bundles over a compact curve Σ of genus g ≥ 2. We can assume without loss that ωΣ is
the Ka¨hler form of a constant curvature metric on Σ and, by virtue of Theorem 1, that
the scalar curvature of g is not constant. In particular, ℓ ≥ 1.
We have seen in Lemma 1 that the ℓ-dimensional torus T acting by scalar multi-
plication on each Ei is maximal in the reduced automorphism group A˜ut0(M,J) ∼=
H0(Σ, PGL(E)). By a well-known result of Calabi [14] the identity component of the
group of Ka¨hler isometries of an extremal Ka¨hler metric is a maximal compact subgroup
of Aut0(M,J), so we can assume without loss that (g, ω) is T-invariant.
By considering small stable deformations Ei(t) and applying Lemma 4, we can find
a smooth family of extremal T-invariant Ka¨hler metrics (Jt, gt, ωt), converging to (J, ω)
in any Ck(M), such that (M,Jt) ∼= P (
⊕ℓ
i=1Ei(t)), and [ωt] = [ω] in H
2
dR(M). By the
equivariant Moser lemma, we can assume without loss that ωt = ω.
It is not difficult to see that any Ka¨hler class on (M,Jt) (for t 6= 0) is compatible:
this follows from the fact that the cohomology H2(M) ∼= H1,1(M,Jt) is generated by
any compatible Ka¨hler class on (M,Jt) and the pullback p
∗[ωΣ]. By Theorem 4 and the
uniqueness of the extremal Ka¨hler metrics up to automorphisms [15], for any t 6= 0 we
can take k ≫ 0 such that the extremal Ka¨hler metric (gt, ω) on (M,Jt) is compatible
with respect to the rigid semisimple action of the maximal torus T. Strictly speaking,
Theorem 4 produces a lower bound k0 for such k, depending on Jt. However, in our
case |A| = 1, the simplex ∆, the moment map z and the metric on Σ are fixed, and
the parameter λ = (c, p, ScalΣ) defining the corresponding extremal equation (10) for
a compatible metric on (M,Jt, [ω]) is independent of t: indeed, the constants p ∈ t
and c ∈ R are determined by the first Chern classes c1(Ei) and the cohomology class
Ωk = [ω] ∈ H2dR(M). Thus, the deformation argument used in Sect. 3.7 produces a
lower bound k0 independent of t, such that for any k > k0 and t 6= 0, (gt, ω) is an
extremal Ka¨hler metric in Ωk with respect to which the maximal torus T acts in a rigid
and semisimple way.
Take a regular value z0 of the momentum map z associated to the hamiltonian action
of T on (M,ω) and consider the family of Ka¨hler quotient metrics (gˆt, Jˆt) on the sym-
plectic quotient Sˆ. By identifying the symplectic quotient with the stable quotient, we
see that (Sˆ, Jˆt) ∼= P (E0(t))×Σ · · · ×Σ P (Eℓ(t))→ Σ (see Sect. 3.2). As for t 6= 0 the ac-
tion of T is rigid and semisimple and gt is compatible, the quotient Ka¨hler metric (gˆt, Jˆt)
must be locally a product of CSC Ka¨hler metrics. By the de Rham decomposition theo-
rem gˆt must be a locally-symmetric metric modelled on the hermitian-symmetric space
CP d0 × · · · ×CP dℓ ×H, where di +1 = rk(Ei) (so that CP di is a point if di = 1) and H
is the hyperbolic plane. By continuity, (gˆ0, Jˆ0) is a locally-symmetric Ka¨hler metric on
Sˆ of the same type. By the de Rham decomposition theorem and considering the form
of the covering transformations we obtain representations ρi : π1(Σ)→ PU(di +1), and
therefore Ei must be stable by the standard theory [56].
In the case when ℓ = 1, we can assume without loss by Theorem 1 that E is not
polystable, and we can then use instead of Theorem 4 the stronger results [5, Thm. 1 & 6]
which affirm that any extremal Ka¨hler metric on (M,Jt) (for t 6= 0) must be compatible
with respect to the natural S1-action.
28 V. APOSTOLOV, D. CALDERBANK, P. GAUDUCHON, AND C. TØNNESEN-FRIEDMAN
6. Further observations
6.1. Relative K-energy and the main conjecture. Leaving aside the specific mo-
tivation of this paper to study projective bundles over a curve, the theory of rigid
semisimple toric bundles which we reviewed in Sect. 3 extends the theory of extremal
Ka¨hler metrics on toric manifolds [21, 22, 24, 66, 74, 75] to this more general context.
To recast the leading conjectures [21, 66] in the toric case to this setting, recall from
[21] that if we parametrize compatible Ka¨hler metrics g by their symplectic potentials
U ∈ S(∆), then the relative (Mabuchi–Guan–Simanca) K-energy EΩ on this space
satisfies the functional equation
(dEΩ)g(U˙ ) =
∫
∆
(Scal⊥g )U˙ (z)p(z)dv
=
∫
∆
((
〈A, z〉 +B +
N∑
j=1
Scal j
〈pj, z〉+ cj
)
p(z)− ∂
2
∂zr∂zs
(p(z)Hrs)
)
U˙(z)dv
= 2
∫
∂∆
U˙(z)p(z)dσ +
∫
∆
(
〈A, z〉+B +
N∑
j=1
Scal j
〈pj , z〉+ cj
)
U˙(z)p(z)dv
−
∫
∆
〈H,Hess U˙(z)〉p(z)dv,
where we have used (10) and integration by parts by taking into account (4). Following
[21, 66, 74], let us introduce the linear functional
(18) FΩ(f) :=
∫
∂∆
f(z)p(z)dσ +
1
2
∫
∆
(
〈A, z〉 +B +
∑
j
Scal j
〈pj, z〉 + cj
)
f(z)p(z)dv.
The above calculation of dEΩg shows that FΩ(f) = 0 if f is an affine function of z.
Furthermore, using the fact that the derivative of log detH is trH−1dH, we obtain the
following generalization of Donaldson’s formula for EΩ:
(19) EΩ(U) = 2FΩ(U)−
∫
∆
(
log detHessU(z)
)
p(z)dv.
(In case of doubt about the convergence of the integrals, one can introduce a reference
potential Uc and a relative version EΩgc of EΩ, but in fact, as Donaldson shows, the
convexity of U ensures that the positive part of log detHessU(z) is integrable, hence
− log detHessU(z) has a well defined integral in (−∞,∞].)
According to [21, 66], the existence of a solution U ∈ S(∆) to (10) should be entirely
governed by properties of the linear functional (18):
Conjecture 2. Let Ω be a compatible class on M . Then the following conditions should
be equivalent:
(1) Ω admits an extremal Ka¨hler metric.
(2) Ω admits a compatible extremal Ka¨hler metric (i.e. (10) has a solution in S(∆)).
(3) FΩ(f) ≥ 0 for any piecewise linear convex function f on ∆, and is equal to zero
if and only if f is affine.12
12Generalizing computations in [21, 66, 74], one can show that the value of FΩ at a rational piecewise
linear convex function computes the relative Futaki invariant introduced in [66] of a ‘compatible’ toric
test configuration on (M,Ω); in general, one might need positivity of FΩ on a larger space of convex
functions [21, Conjecture 7.2.2.] in order to solve (10) but in the case when ℓ = 2 and the base Sˆ is a
point Donaldson shows in [21] that the space of piecewise linear convex functions will do.
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Of course, by the proof of Theorem 2, Conjecture 2 would imply Conjecture 1.
Our formula (19) can be used to show as in [21, Prop. 7.1.3] that FΩ(f) ≥ 0 if the
relative K-energy is bounded from below. However, according to Chen–Tian [15], the
boundedness from below of EΩ is a necessary condition for the existence of an extremal
Ka¨hler metric.
If Ω admits a compatible extremal Ka¨hler metric with symplectic potential U and
inverse hessian H, one can use (10) and integration by parts (taking into account (4))
in order to re-write (18) as
(20) FΩ(f) =
∫
∆
〈H,Hessf〉p(z)dv.
This formula makes sense for smooth functions f(z), but can also be used to calculate
FΩ(f) in distributional sense for any piecewise linear convex function as in [75]: using
the fact that H is positive definite, we obtain the analogue of a result in [75], showing
that the second statement of Conjecture 2 implies the third.
We thus have the following partial result.
Proposition 3. If Ω admits an extremal Ka¨hler metric then FΩ(f) ≥ 0 for any convex
piecewise linear function. If Ω admits a compatible extremal metric then, furthermore,
FΩ(f) = 0 if and only if f is an affine function on ∆.
Of course, the most difficult part of Conjecture 2 is to prove (3) ⇒ (2). So far the
Conjecture 2 has been fully established in the cases when ℓ = 1 [5] and when M is a
toric surface (i.e. ℓ = 2 and Sˆ is a point) with vanishing extremal vector field [24].
6.2. Computing FΩ. It is natural to consider (following Donaldson [21]) the space of
S2t∗-valued functions H on ∆ satisfying just the boundary conditions (4). If such a
function satisfies the (underdetermined, linear) equation (10), then formula (20) holds,
and it can be used to compute the action of FΩ (in distributional sense) on piecewise
linear functions.
Note that if a solution to (10) exists, then so do many because the double divergence
is underdetermined.
If a solution H of (10) happens to be positive definite on each face of ∆, i.e. if
it verifies the positivity condition in Sect. 3.3, then formulae (6) introduce an almost
Ka¨hler metric on M (see e.g. [4]) and one can show that (7) computes its hermitian
scalar curvature (see Appendix A). Thus, positive definite solutions of (10) correspond
to compatible extremal almost Ka¨hler metrics. If such extremal almost Ka¨hler metrics
exist, it then follows from (20) (see [75] and Proposition 3 above) that the condition (3) of
Conjecture 2 is verified. Thus, the existence of a positive definite solutionH of (10) (and
verifying the boundary conditions (4)) is conjecturally equivalent to the existence of a
compatible extremal Ka¨hler metric (corresponding to another positive definite function
HΩ with inverse equal to the hessian of a function UΩ). In fact, following [21], as log det
is strictly convex on positive definite matrices, the functional
∫
∆(log detH)p(z)dv is
strictly convex on the space of positive definite solutions of (10), and therefore has at
most one minimum HΩ. Such a minimum would automatically have its inverse equal to
the hessian of a function UΩ (see [21]). Thus, H
Ω would then give the extremal Ka¨hler
metric in the compatible Ka¨hler class Ω.
Thus motivated, it is natural to wonder if on the manifolds we consider in this paper
a (not necessarily positive definite) solution H of (10) exists, thus generalizing the
extremal polynomial introduced in [5] onM = P (E0⊕E1)→ S (in fact P(z) = p(z)H(z)
would be the precise generalization).
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6.3. Example: projective plane bundles over a curve. We illustrate the above
discussion by explicit calculations on the manifold M = P (O ⊕ L1 ⊕ L2) → Σ, where
L1 and L2 are holomorphic line bundles over a compact complex curve Σ of genus g.
We put pi = deg(Li) and assume without loss that p2 ≥ p1 ≥ 0. Note that in the
case p1 = p2 = 0, the vector bundle E = O ⊕ L1 ⊕ L2 is polystable, and therefore the
existence of extremal Ka¨hler metrics is given by Theorem 1. The cases p1 = p2 > 0 and
p2 > p1 = 0, on the other hand, are solved in [5]. We thus assume furthermore that
p2 > p1 > 0.
To recast our example in the set up of Sect. 3, we take a riemannian metric gΣ of
constant scalar curvature 4(1−g) on Σ. To ease the notation, we put C = 4(g−1). Let zi
be the momentum map of the natural S1-action by multiplication on Li. Thus, without
loss, for a compatible Ka¨hler metric on M , the momentum coordinate z = (z1, z2) takes
values in the simplex ∆ = {(z1, z2) ∈ R2 | z1 ≥ 0, z2 ≥ 0, 1 − z1 − z2 ≥ 0} (which is the
Delzant polytope of the fibre CP 2 viewed as a toric variety).
It is shown in [5, App. A2] that in this case there are no extremal compatible Ka¨hler
metrics with a hamiltonian 2-form of order 2 while Theorem 2 does imply existence of
compatible extremal Ka¨hler metrics in small Ka¨hler classes. Therefore, we do not have
an explicit construction of these extremal Ka¨hler metrics. Instead, we will now attempt
to find explicit extremal almost Ka¨hler metrics (see the preceding section and the Appen-
dix below). We thus want to find a smooth matrix function H(z) = (Hrs(z)) satisfying
the boundary conditions (4) and which solves the linear equation (10). Motivated by
the explicit form of such a matrix in the case when a hamiltonian 2-form does exist [3],
we look for solutions of a ‘polynomial’ form Hrs =
Prs
(c+p1z1+p2z2)
, where Prs(z) are fourth
degree polynomials in z1 and z2, and the constant c is such that c+p1z1+p2z2 > 0 on ∆
(recall that c parametrizes compatible Ka¨hler classes on M). The boundary conditions
are then solved by
P11 = 2(c+ p1z1 + p2z2)z1(1− z1)
+ z21(x0z
2
2 + x2(1− z1 − z2)2 + 2y1z2(1− z1 − z2)),
P12 = −2(c+ p1z1 + p2z2)z1z2
+ z1z2(y0(1 − z1 − z2)2 − x0z1z2 − (1− z1 − z2)(y1z1 + y2z2)),
P22 = 2(c+ p1z1 + p2z2)z2(1− z2)
+ z22(x0z
2
1 + x1(1− z1 − z2)2 + 2y2z1(1− z1 − z2)),
where x0, x1, x2, y0, y1, y2 are free parameters. The extremal condition (10) corresponds
to the linear equations
y0 = −x1 − x2 + v0,
y1 = −x0 − x2 + v1,
y2 = −x0 − x1 + v2,
(21)
with
v0 =
−(12c+C+4p1+4p2)(5cp21+p
3
1+5cp1p2+5p
2
1p2+5cp
2
2+5p1p
2
2+p
3
2))
(2(50c3+50c2p1+13cp21+p
3
1+50c
2p2+37cp1p2+5p21p2+13cp
2
2+5p1p
2
2+p
3
2)
v1 =
−(12c+C+4p1+4p2)(15cp21+3p
3
1−15cp1p2+3p
2
1p2+5cp
2
2−3p1p
2
2+p
3
2))
(2(50c3+50c2p1+13cp21+p
3
1+50c
2p2+37cp1p2+5p21p2+13cp
2
2+5p1p
2
2+p
3
2)
v2 =
−(12c+C+4p1+4p2)(5cp21+p
3
1−15cp1p2−3p
2
1p2+15cp
2
2+3p1p
2
2+3p
3
2))
(2(50c3+50c2p1+13cp21+p
3
1+50c
2p2+37cp1p2+5p21p2+13cp
2
2+5p1p
2
2+p
3
2)
.
Thus, given a compatible Ka¨hler class on M , we have a 3-parameter family of smooth
‘polynomial’ solutions H(z) to (10), which verify the boundary conditions (4) on ∆.
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Now, investigating the integrability condition (that H−1 be a hessian of a smooth func-
tion on ∆0, see the previous section), we find out that it is equivalent to the following
five algebraic equations on the parameters (x0, x1, x2, y0, y1.y2)
x0 = y1 + y2, x1 = y2 + y0, x2 = y0 + y1,(22)
2(p2 − p1)y0 + 2p2y1 − y0y1 = 0
2(p1 − p2)y0 + 2p1y2 − y0y2 = 0.(23)
The problem is over-determined, but there is a unique solution HΩ0 satisfying the linear
system (22) (additionally to (21)): we compute that this solution is given by
x0 =
1
10 (−2v0 + 3v1 + 3v2),
x1 =
1
10 (3v0 − 2v1 + 3v2),
x2 =
1
10 (3v0 + 3v1 − 2v2),
y0 =
1
10 (4v0 − v1 − v2),
y1 =
1
10 (−v0 + 4v1 − v2),
y2 =
1
10 (−v0 − v1 + 4v2).
Substituting back in (23), one sees that the full integrability conditions can be solved if
12c+C+4p1+4p2 = 0 (a constraint that is never satisfied for p2 > p1 ≥ 1, C = 4(g−1)
and c > 0); this observation is consistent with the non-existence result in [5, App. A2].
We now investigate the positivity condition for our distinguished solution HΩ0 of (4)
and (10). First of all, when c → ∞, the vi’s tend to 0, so HΩ0 tends to the matrix
associated to a Fubini–Study metric on CP 2. It follows that HΩ0 becomes positive-
definite on each face for sufficiently small Ka¨hler classes, and therefore HΩ0 defines an
explicit extremal (non-Ka¨hler) almost Ka¨hler metric in Ω (see Appendix A below). This
is of course consistent (via Conjecture 2) with the existence of a (non-explicit) extremal
Ka¨hler metric in Ω, given by Theorem 2. Furthermore, if g = 0, 1 (i.e. C < 0), a
computer assisted verification shows that, in fact, HΩ0 is positive definite on each face
of ∆ for all Ka¨hler classes. We thus obtain the following result.
Proposition 4. Let M = P (E)
p
✲ Σ with E = O ⊕ L1 ⊕ L2, where L1 and L2 are
holomorphic line bundles of degrees 1 ≤ p1 < p2 over a compact complex curve Σ of
genus g.
If g = 0, 1, then M admits a compatible extremal almost Ka¨hler metric for the Ka¨hler
form of any compatible Ka¨hler metric on M . In particular, for every Ka¨hler class on
M the condition (3) of Conjecture 2 is verified.
If g ≥ 2, then the same conclusion holds for the compatible Ka¨hler forms in sufficiently
small Ka¨hler classes Ωk = 2πc1(O(1)E) + kp∗[ωΣ], k ≫ 0.
As speculated in the previous section, the explicit solution HΩ0 of (4) and (10) can be
used to compute the action of the functional FΩ on piecewise linear convex functions
(by extending formula (20) in a distributional sense, after integrating by parts and using
(4)). As a simple illustration of this, let us take a simple crease function fa with crease
along the segment Sa = {(t, a − t), 0 < t < a} for some a ∈ (0, 1) (thus as a → 0,
the crease moves to the lower left corner of the simplex ∆). A normal of the crease is
u = (1, 1) and one easily finds that
FΩ(fa) =
∫
Sa
HΩ0 (u, u)dσ
=
∫ a
0
((H11 + 2H12 +H22)(t, a − t))(c + p1t+ p2(a− t)) dt,
(24)
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where dσ is the contraction of the euclidian volume dv on R2 by u. Note that the
integrand (being a rational function of c with a non-vanishing denominator at c = 0),
and hence the integral, is continuous near c = 0; for c = 0 the integral equals
1
6(1− a)a3(−C + 2(p1 + p2) + a(C + 4(p1 + p2))),
which is clearly negative for a ∈ (0, 1) sufficiently small as long as C = 4(g − 1) >
2(p1 + p2). If we take g > 2, such p1 and p2 do exist. By Proposition 3, this implies
a non-existence result of extremal Ka¨hler metrics when p1 and p2 satisfy the above
inequality and c is small enough. (As a special case, for p1 = p2 we have recast the
non-existence part of [5, Thm. 6].)
Proposition 5. LetM be as in Proposition 4, with g > 2 and p1, p2 satisfying 2(g−1) >
p1 + p2. Then all sufficiently ‘big’ Ka¨hler classes do not admit any extremal Ka¨hler
metric.
Appendix A. Compatible extremal almost Ka¨hler metrics
In this appendix, we calculate the hermitian scalar curvature of a compatible almost
Ka¨hler metric and extend the notion of extremal Ka¨hler metrics to the more general
almost Ka¨hler case.
Recall that on a general almost Ka¨hler manifold (M2m, g, J, ω), the canonical hermit-
ian connection ∇ is defined by
(25) ∇XY = DXY − 1
2
J(DXJ)(Y ),
where D is the Levi–Civita connection of g. Note that
(26) g((DXJ)Y,Z) =
1
2
g(N(X,Y ), JZ)
where N(X,Y ) = [JX, JY ] − J [JX, Y ] − J [X,JY ] − [X,Y ] is the Nijenhuis tensor
of J . The Ricci form, ρ∇, of ∇ represents 2πc1(M,J) and its trace s∇ (given by
2mρ∇ ∧ ωm−1 = s∇ωm) is called hermitian scalar curvature of (g, J, ω).
The hermitian scalar curvature plays an important role in a setting described by
Donaldson [19] (see also [32]), in which s∇ is identified with the momentum map of
the action of the group Ham(M,ω) of hamiltonian symplectomorphisms of a compact
symplectic manifold (M,ω) on the (formal) Ka¨hler Fre´chet space of ω-compatible almost
Ka¨hler metrics AKω. It immediately follows from this formal picture [26, 47] that the
critical points of the functional on AKω
g 7−→
∫
M
(s∇)2ωm
are precisely the ω-compatible almost Ka¨hler metrics for which gradωs
∇ is a Killing
vector field. This provides a natural extension of the notion of an extremal Ka¨hler
metric to the more general almost Ka¨hler context.
Definition 5. An almost Ka¨hler metric (g, ω) for which gradωs
∇ is a Killing vector
field is called extremal.
Now letM be a manifold obtained by the generalized Calabi construction of Sect. 3.3.
In the notation of this section, for any S2t∗-valued function H on ∆, satisfying the
boundary and positivity conditions, formulae (6) introduce a pair (g, ω) of a smooth
metric g and a symplectic form ω on M , such that the field of endomorphisms J defined
by ω(·, ·) = g(J ·, ·) is an almost complex structure, i.e., (g, ω) is an almost Ka¨hler
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structure onM .13 We shall refer to such pairs (g, ω) as compatible almost Ka¨hler metrics
on M .
Lemma 9. The hermitian scalar curvature s∇ of a compatible almost Ka¨hler metric
corresponding to H = (Hrs) is given by
s∇ =
N∑
j=1
Scalj
cj + 〈pj , z〉 −
1
p(z)
ℓ∑
r,s=1
∂2
∂zr∂zs
(p(z)Hrs).
Proof. The result is local and we work on the open dense subset M0 where the ℓ-torus
T acts freely. Recall that M0 is a principal Tc bundle over Sˆ. Let V be the foliation
defined by the Tc fibres and Kr = Jgradgzr be the Killing vector fields generating T;
then TV is spanned by Kr, JKr at each point of M0 and, by construction,
(27) LKrJ = 0, K♭r =
∑
s
Hrsθˆs, JK
♭
r = −dzr.
In order to compute the hermitian Ricci tensor, we take a local non-vanishing holomor-
phic section ΦSˆ of the anti-canonical bundle K
−1
Sˆ
= ∧d,0(Sˆ) of Sˆ (which pulls back to a
(d, 0)-form on M) and wedge it with the (ℓ, 0)-form ΦV = (K
♭
1−
√−1JK♭1)∧ · · · ∧ (K♭ℓ −√−1JK♭ℓ). Thus, Φ = ΦSˆ ∧ ΦV is a non-vanishing section of K−1M0 and the hermitian
Ricci form ρ∇ is then given by
ρ∇ = −dIm(α),
where ∇Φ = α⊗ Φ.
Denote by TH the g-orthogonal complement of TV; the spaces TH and TV then define
the decomposition of TM0 as the sum of horizontal and vertical spaces and, therefore
(28) ∇XΦ = (∇HXΦSˆ) ∧ ΦV +ΦSˆ ∧ ∇VXΦV ,
where ∇XY = ∇HXY + ∇VXY denotes the decomposition into horizontal and vertical
parts.
Our first observation is that [3, Prop. 8] generalizes in the non-integrable case in the
following sense: The foliation V is totally-geodesic with respect to both the Levi–Civita
and hermitian connections. Indeed, with respect to the Levi–Civita connection D we
have 〈DKrKs,X〉 = 〈DJKrKs,X〉 = 0 for any X ∈ TH; using [Kr, JKs] = 0, our claim
reduces to check that 〈DJKrJKs,X〉 = 0. We take X be the horizontal lift of a basic
vector field and use the Koszul formula
2〈DJKrJKs,X〉 = LJKr〈JKs,X〉+ LJKs〈JKr,X〉 − LX〈JKr, JKs〉
+ 〈[JKr, JKs],X〉 + 〈LXJKr, JKs〉+ 〈LXJKs, JKr〉
= 〈LXJKr, JKs〉+ 〈LXJKs, JKr〉
= (LXg)(JKr , JKs) = (LX gˆ(z))(JKr , JKs) = 0,
where (gˆ = gˆ(z), ωˆ = ωˆ(z)) denote the Ka¨hler quotient structure on Sˆ (also identified
with the horizontal part of (g, ω)). Considering the hermitian connection ∇, by (25) and
(26), our claim reduces to showing that N(Kr,X) is horizontal for any X ∈ TH; using
(26) and the fact that V is totally-geodesic with respect to D, we get 〈N(Kr,X), JU〉 =
2〈(DUJ)(Kr),X〉 = 0, for any U ∈ TV.
13It is easily seen as in [1] that J is integrable, i.e. (g, ω) defines a Ka¨hler metric, if and only if H−1
is the hessian of a smooth function on ∆0.
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The observation that V is totally geodesic with respect to D shows that formulae
(42)–(46) in [3, Prop. 9] hold true in the non-integrable case too, i.e. we have
DXY = D
H
XY − C(X,Y )
DXU = 〈C(X, ·), U〉 + [X,U ]V
DUX = [U,X]
H + 〈C(X, ·), U〉
DUV = D
V
UV,
(29)
where X,Y ∈ TH, U, V ∈ TV and C(·, ·) is the O’Neill tensor given by
2C(X,Y ) =
ℓ∑
r=1
(
Ωr(X,Y )Kr +Ωr(JX, Y )JKr
)
with Ωr = dθˆr =
∑N
j=1 pjr ⊗ ωj. Using (25), it follows that the horizontal lift of ∇Sˆ
coincides with the projections of both D and ∇ to horizontal vectors. In particular, for
any horizontal lift X, ∇HXΦSˆ = 12
(
(dSˆ −
√−1dc
Sˆ
) log ||ΦSˆ ||2gˆ
)
(X)ΦSˆ . On the other hand,
as Kr are Killing and V is totally geodesic, ∇VXΦV = 0, so that we get from (28)
(30) α(X) =
1
2
(
(dSˆ −
√−1dc
Sˆ
) log ||ΦSˆ ||2gˆ
)
(X), ∀X ∈ TH.
To compute α(U) for U ∈ TF , consider first ∇UΦV . As V is totally geodesic,
we can write ∇UΦV = (a(U) −
√−1b(U))ΦV . It follows from the very definition of
ΦV (and the fact that span(K1, · · · ,Kℓ) is ω-Lagrangian) that ΦV(K1,K2, · · · ,Kℓ) =
det g(Kr,Ks) = detH, and therefore
(∇UΦV)(K1,K2, · · · ,Kℓ) =
(
a(U)−√−1b(U)
)
detH.
Using the definition of ΦV again, we obtain
b(U) = trace(H−1 ◦AU ), (AU )rs = −〈∇UKr, JKs〉.
Using that Kr is Killing, (26) and (27) we further calculate
(AU )rs = −〈DUKr, JKs〉+ 1
2
〈(DUJ)(Kr),Ks〉
=
1
2
(
dK♭r(JKs, U)−
1
2
ω(N(Kr,Ks), U)
)
=
1
2
(∑
p,k
Hrk,pdzp(JKs)θˆk(U)− 1
2
∑
k
dzk([JKr, JKs])θˆk(U)
)
=
1
2
(
−
∑
k,p
Hrk,pHpsθˆk(U)− 1
2
∑
k
dzk([JKr, JKs])θˆk(U)
)
= −1
4
∑
k,p
(Hrk,pHps +Hsk,pHpr)θˆk(U),
so that
(31) b(U) =
∑
r,s
Hrs(AU )rs = −1
2
∑
r,k
Hrk,rθˆk(U).
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Finally, in order to compute ∇UΦSˆ, note that LUΦSˆ = 0, and therefore
(∇UΦSˆ)(X1, · · · ,Xd) =
d∑
k=1
(1
2
ΦSˆ(X1, · · · ,Xk−1, J(DUJ)(Xk),Xk+1, · · · ,Xd)
−ΦSˆ(X1, · · · ,Xk−1, (DHXkU),Xk+1, · · · ,Xd)
)
,
where Xk ∈ TH. Now, using (29), we further specify
(DHXkU) =
1
2
ℓ∑
r=1
N∑
j=1
(
K♭r(U)pjr(JjX
j
k)− JK♭r(U)pjrXjk
)
,
(
(DUJ)(Xk)
)H
= 0,
where Xjk (resp. Jj) denote the gSˆ-orthogonal projection (resp. restriction) of Xk (resp.
J) to the subspace TSj ⊂ T Sˆ (recall that the universal cover of (Sˆ, gSˆ) is the Ka¨hler
product of (Sj , gj , ωj), so that the projection of TSj to T Sˆ is a well-defined D-parallel
subbundle of T Sˆ). Using (27), and the expressions (30) and (31), we eventually find
that
Im(α) = −1
2
dc
Sˆ
log ||ΦSˆ ||2gˆ +
1
2
dc log p(z) +
1
2
∑
k,r
Hkr,kθˆr
= −1
2
dc
Sˆ
log ||ΦSˆ ||2gˆ +
1
2p(z)
∑
k,r
(
(
∂p
∂zk
)Hkr + p(z)
∂Hkr
∂zk
)
θˆr
ρ∇ =
N∑
j=1
ρj −
∑
i,r,k
∂
∂zk
( 1
2p(z)
∂(p(z)Hir)
∂zi
)
dzk ∧ θr
− 1
2p(z)
∑
i,r
∂(p(z)Hir)
∂zi
∂ωˆ
∂zr
,
where, we recall, ρj is the Ricci form of (Sj , gj , ωj), ωˆ(z) =
∑N
j=1
(∑ℓ
r=1(pjrzr+cj)ωj
)
,
and p(z) =
∏N
j=1
(∑ℓ
r=1 pjrzr + cj
)dj
. The formula for s∇ follows easily. 
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